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1 Introduction and statement of the results 
1.1 Introduction 

1.1.1 Scattering theory is a collection of methods and results for studying the continuous 
spectrum of operators. Classical fields of application of scattering theory are the propagation 
of waves in mechanics, electro-dynamics and quantum mechanics. Often one considers a model 
that is close to some ideal case in which the wave equation can be solved explicitely. Scattering 
theory provides the tools for comparison. 

1.1.2 In many cases it is possible to separate the time and space variables. In this case one can 
apply methods from stationary scattering theory. This branch of scattering theory investigates 
the generalized eigenfunctions contributing to the continuous spectrum. In good situations 
these eigenfunctions come in families which extend meromorphically. Often they are studied via 
a meromorphic continuation of the distribution kernel of the resolvent of the spacial part of the 
operator. 

1.1.3 The problem of stationary scattering theory that is considered in the present paper has 
mainly an internal mathematical motivation. The model situation is a Laplace-type operator 
on a globally symmetric space of negative curvature. Due to the presence of a large symmetry 
group it is possible to get an essentially complete description of the generalized eigenfunctions. 

The real problem is to understand the generalized eigenfunctions on associated locally sym- 
metric spaces. The special case of quotients of the globally symmetric space by arithmetic 
subgroup groups has many applications in number theory and arithmetic. While arithmetic 
quotients have finite volume the main emphasis in the present work is on spaces of infinite vol- 
ume. The question is, how far the interplay between global and local symmetries of the problem 
can be used in order to get a complete picture. 
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1.1.4 There is lot of literature on the stationary scattering theory for the function Laplacian 
on spaces which become close to the global symmetric space asymptotically at infinity. The 
major part is devoted to the asymptotically hyperbolic case. The main results are meromorphic 
continuation of the resolvent kernel, the scattering matrix and the parametrization of the relevant 
generalized eigenfunctions. Most of this work is based on a fine study of the resolvent kernel. 
We refer to |Gui05b| for one of the latest works and the discussion of the literature therein. 

1.1.5 In the more rigid case of a locally symmetric space one can obtain better results. In this 
case one can approach stationary scattering theory by pushing the analysis to the boundary. 



Using this method we obtained in | BO0C | the spectral decomposition of all locally invariant 
differential operators on vector bundles in the convex-cocompact case. We refer to this paper 
for a review of the literature about the convex-cocompact case. 

1.1.6 The goal of the present paper is to generalize this method to geometrically finite spaces. 
These are locally symmetric spaces of negative curvature which at infinity look like the symmetric 
space or a cusp. From the point of view of analysis the part at infinity which can be compared 
with the globally symmetric space is easy with the results of | BO00(| at hand. The complications 
are due to the presence of cusps, in particular of those of non-maximal rank. 

1.1.7 Let G be a real simple linear connected Lie group of real rank one. It covers the connected 
component of the group of isometrics of the associated symmetric space X. We consider a 
geometrically finite group T C G which determines the locally symmetric space r\X. For 
technical reasons we exclude the exceptional symmetric space X = HO^ from our considerations. 

The classical problems of meromorphic continuation of the Eisenstein series, the scattering 



matrix, and their functional equations was previously adressed by Guillope | Gu92 | in the special 
case that X is the hyperbolic plane HM.'^ and by Froese/Hislop/Perry [[FIIP91b[| for X = HM."^ and 
spherical Eisenstein series. Cusps of non-maximal rank in the three-dimensional hyperbolic case 



have been investigated first in | FHP91a | via the resolvent. For the meromorphic continuation 
of the resolvent on T\HW^ see [Per99| , |GuiO|] . All these papers are restricted to the case of 
so-called rational cusps. 

1.1.8 The main result of the present paper is, in the geometrically finite case, the meromorphic 
continuation of the Eisenstein series, i.e. of the families of generalized eigensections for all locally 



invariant differential operators on bundles, see Corollary |1.16| below. Note that this result also 
includes the case of irrational cusps. 

At the moment we are not able to obtain results, which are as complete as in the convex 
cocompact case. In particular, we are still quite far from showing a spectral decomposition. 
1.1.9 The class of geometrically finite discrete subgroups T C G subsumes cocompact, convex- 
cocompact groups, and subgroups of finite covolume as well as various kinds of combinations of 
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these cases with cusps of non-maximal rank. The paper can be considered as a continuation of 



[BO00|, where the special case of a convex-cocompact group F is considered. We will frequently 

refer to this paper for notations and conventions as well as for technical results. 

1.1.10 In the present paper the analysis takes place on the boundary dX of the symmetric 



space. The group T acts on vector bundles over this boundary. As in | BOO[1|| the main players of 



the geometric scattering theory are the push-down vr^ (average of sections over F), the extension 
ext^ (the adjoint ot the push-down), the restriction res^ , and the scattering matrix . Our task 
is to construct these as families of maps between suitable function/distribution spaces depending 
meromorphically on the spectral parameter. Due to the presence of cusps of non- maximal rank 
the detailed description of these spaces turns out to be quite difficult. 

1.2 Notion of geometrical finiteness 

1.2.1 In the present paper the symmetric space X belongs to one of the series of hyperbolic 
spaces HW^, HC^, and HM"" (real, complex, and quaternionic) of real dimension n, 2n, An. 
We exclude the exceptional symmetric space of rank one, the Cayley hyperbolic plane HO'^, for 
technical reasons since we are going to employ the fact that X belongs to a series in several 
places. 

1.2.2 By G we denote a real simple linear connected Lie group of real rank one covering the 
connected component of the group of isometrics of X. By dX we denote the geodesic boundary 
of X. The union X := XUdX has the structure of a compact G-manifold with boundary. While 
X parametrizes the set of maximal compact subgroups the boundary dX parametrizes the set 
of parabolic subgroups of G. If P C G is a parabolic subgroup, then we denote by oop G dX 
the unique fixed point of P. Let Qp := dX \oop. 

1.2.3 Let P C G he parabolic, and C P be its nil-radical. Then we can write P as an 
extension 

O^iV^P-^L^O. (1) 

Here L is a reductive Lie group which is canonically isomorphic to a product MA of a compact 
group M and a group A = R."^. 

1.2.4 Let r C G be a torsion-free discrete subgroup. 

Definition 1.1 A parabolic subgroup P C G is called T-cuspidal if Up := T D P is an infinite 
subgroup such that l{Up) C L is precompact, i.e. l{Up) C M. 



Let p denote the L-conjugacy class of the L-cuspidal parabolic subgroup P. We call such classes 
cusps and say that the cusp p has full rank (as opposed to smaller rank) if Up\Qp is compact for 
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one (and hence for any) P £ p. For each cusp p and P S p we form the manifold with boundary 

Yup ■.= Up\{xunp). 

1.2.5 The boundary dX of X has a F-equivariant decomposition dX = Or U Ar into a hmit 



set Ar and a domain of discontinuity Or ([ E073 |, Prop. 8.5). Let Yr denote the manifold with 
boundary Yr := T\{X U Or)- 

Definition 1.2 The group F is called geometrically finite if the following conditions hold: 

1. The set Vr of T-conjugacy classes of T- cuspidal parabolic subgroups is finite. 

2. There is a bijection end(yr) Vr, where end(yr) denotes the set of ends of the manifold 
with boundary Yp. 

3. For all p € Vr and P £p there is a representative Yp of the end corresponding to p and an 
isometric embedding ep :Yp ^ Yjjp such that its image ep{Yp) represents the end ofYup. 



By Bowditch [ Bow95|] , Corollary 6.3, this definition is equivalent to the slightly weaker 



definition [Bow95], Fl (which can be derived from |1.2| by replacing "set Vr of F-conjugacy 
classes of F-cuspidal parabolic subgroups" by "set end(yr) of ends of Fr" in 1., "bijection" by 
"map c" in 2. and "all p G Pr" by "all p € Vr in the range of c" in 3.). 

1.2.6 Let Yr := T\X denote the locally symmetric space associated to F. By Yq we denote 
the compact subset Yr \ Upg-pp Yp Yr. The boundary of Yr is the manifold -Br := F\Or. 
Let C Vr denote the subset of cusps of smaller rank. The decompositions of Yr into a 
compact piece and its ends induces a decomposition Br = BqU Upe-p< where Bp := B n Yp, 
peV^U {0}. 

1.2.7 Set 7?p"^ := 7?p \ 7?<. It will be convenient to fix a set V of parabolic subgroups 
representing the elements of Vr- It comes with a partition V = U V"^'^^ . 

1.2.8 Our analysis will require an additional assumption on the cusps. By Lemma |3.5| this 



assumption is automatically satisfied in the cases HM.^, HC^, but by Lemma 3^ it is non-trivial 
in the case HM"'. We are now going to describe this assumption in detail. Let P C G be 
parabolic. A Langlands decomposition P = MAN is the same as a split s : MA P of the 
extension (||), where we identify M and A with their images s{M) and s{A). 



Let p be a cusp of F and P £ p. In Subsection 3.1 we will construct a Langlands decompo- 
sition P = MAN, a discrete subgroup ^ C A'^, and a homomorphism m : Ny M from the 
Zariski closure Ny of y in A^ such that the group := {m{v)v\v £ V} is a subgroup of Up 



(see Def. 1.1) of finite index. 
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Definition 1.3 The cusp p is called regular if the Langlands decomposition of P above can be 
adjusted such that Ny is invariant with respect to conjugation by A. We call such a Langlands 
decomposition adapted. 

Assumption 1.4 In the remainder of the present paper we assume that T is geometrically finite 
and that all its cusps are regular. 

1.3 Twists and bundles 

1.3.1 We fix a parabolic subgroup P of G and write dX = G/P. We further fix a Langlands 
decomposition P = MAN and let o denote the Lie algebra of A. Let n denote the Lie algebra 
of N , and let a G a* denote the short root of a on n. We define p G a* by p{H) := itr(ad(i7)|„), 
H (^a. 

1.3.2 If A G and (fi, 14-) is a representation of M, then we define the representation [ax, Kr^) 
of P by Vtj^ := Va and a\{man) := a''~^a{m). By 1 we denote the trivial one-dimensional 
representation of M . 

1.3.3 If {9,Vq) is a representation of P, then we define the G-homogeneous bundle V{6) := 
G xpVe and denote by vr^ the representation of G on spaces of sections of V{9). 

1.3.4 If (V) ^) is a finite-dimensional representation of G (or L), then we denote by V{9,ip) 
the tensor product of V{9) with the trivial bundle dX x V^, and by vr^"'^ the representation of 
G (or r) on spaces of sections of V{9, (p). Note that we can identify 

C°°{dX, V{9, if)) ^ C°°(5X, V{9)) V^, vr^-'^ = tt^ (S) if . 

1.3.5 The representation 99 of L is called twist. Our analysis requires further assumptions on 
the twist going under the name "admissible" . Let p be a cusp of F, P G p, and MAN be an 



adapted Langlands decomposition of P (see Definition |1.3| ). We define Mjj := l(Up). Then 
Pu := MuNv C P is a subgroup containing Up. Let ((/?, V^p) be a twist. 

Definition 1.5 The twist {^p,V^p) is called admissible at the cups p if its restriction to Up 
extends to a continuous representation of APjj such that A acts algebraically by semisimple 
endomorphisms. A twist is called admissible if it is admissible at all cusps ofV. 



Note that the algebraic functions on A are linear combinations of ^ 1— > a"", n ^% (see 1.3.1 for 
the definition of a). 

1.3.6 If r has cusps, then the condition of admissibility excludes most unitary representations 
of r. Examples of admissible twists are restrictions of finite-dimensional representations of G to 
r. As explained in Subsection twists are used as a technical device. 
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1.3.7 If (7, V^) is a representation of K, then we can form the homogeneous bundle ^^(7) := 
G Xk Vy over X. For a twist ip let V{'j,ip) denote the product 1^(7) ^ V^. Furthermore let 
Vr{'j, if) := r\y(7, (p) denote the corresponding bundle over Y . 

1.4 Exponents 

The main numerical invariant associated to a discrete subgroup F C G is its exponent 
(5r G 0*- Note that each g £ G can be written as g = kagh G KA^K, where ag is uniquely 
determined. Here A^ := {a A \ a" > 1}. 

Definition 1.6 The exponent 5r € a* is defined as the infimum of the set 

{j/ G a* I ^ag^-P < 00} . 
!?6r 

If follows from the discreteness of F that 6r < p. 

1.4.2 The critical exponent 6r has been extensively studied, in particular by Patterson | Pat76|| , 



Sullivan |Sul79], [ 3ul84| , and Corlette |Cor90|, Corlette and lozzi [ |CI9S| ] . From these papers we 



know that 5r € [—p,p], if F is infinite. Moreover, we have 5r = p and only if F has finite 
covolume. If Ar contains at least 2 points, then 5r + p = dim/f (A)a, where dim//(A) denotes 
the Hausdorff dimension of the limit set with respect to the natural class of sub-Riemannian 
metrics on dX. If y = F\X is an infinite volume quotient of a quaternionic hyperbolic space 
or the Cayley hyperbolic plane, then 6r can not be arbitrary close to p. In these cases we have 
Sr < (2n - l)a and 6r < 5a, respectively | |Cor90| | , 1CI99[ | . 



1.4.3 Let ip he a twist. 

Definition 1.7 We define the exponent 5^ Go* of ip as the infimum of the set 

ea \ supa"''||v3(c/)|| < 00} , 

9& 



where \\.\\ denotes any norm on End(y^ 



1.5 Description of the main results 

1.5.1 Let F C G be a discrete, torsion- free, geometrically finite subgroup such that all its 
cusps are regular. Furthermore let ip be an admissible twist. Let := F\r2r and Vb^^o'x, ip) ■= 
T\V{ax, ip). Under the name push-down we subsume several constructions related to the average 
of elements of G°°{dX, V{a\, ip)) with respect to F. It is a crucial matter to construct a space 
By{o'x, ip) which contains the result of the average. If A G varies, then these spaces assemble 



as a projective limit of locally trivial bundles of Frechet spaces in the sense of Subsection 2.1 



Therefore we can speak of meromorphic families of continuous maps from and to these spaces. 
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1.5.2 We define the bundle Br {ax, (p) as a direct sum 

Bt{(Jx, if) := Br{crx, (p)l Rr{crx, ^)max , 

where the first component satisfies 

C^iBr,VBA(^x,^)) C Briax,^)i C C°°{Br,VBA(^x,v)) 

(equaUty occurs if all cusps have full rank) . The second component is associated to the cusps of 
full rank and is finite-dimensional. 

1.5.3 The elements of Br{crx,(p)i are characterized as smooth sections of VBY-io'x,'^) with a 
certain asymptotic expansion near the cusps. We postpone the detailed description of the 



asymptotics until Subsection 3.4. The bundle Rri^Xi ^)max has a further decomposition 



Rricrx,(p)max = ^ Rupicrx,ip) . 



Recall from [TXT] that T^""""^' is in bijection with the set of cusps of full rank. In order to define 
Ri/p{ax, we first consider the sheaf foop(o','^) on of holomorphic families (pu, ^ ^ i^C' 
of f/p-invariant distribution sections of V{a^,(p) supported in oop. Here a,(p are the dual 
representations to (T,(p. The sheaf £oop{a,'^) is the sheaf of holomorphic sections of a trivial 
finite-dimensional holomorphic vector bundle over o^, and we denote by Eoopi^x, ^p) the fibre of 
this bundle over A € (see Lemma [3.40| for an alternative description of the space Eoopi^x, p) 
and |3.7.2 for the finite-dimensionality) . Then we define 



Rup{(y\if) ■= Eoop{cr-x,'f)* ■ 
1.5.4 We can now state the definition of the push-down. 

Definition 1.8 For f G C°°{dX,V{ax,p)) we define the push-down TT^{f) € Br{ax,^) as 
the direct sum 0/ 7r^(/)i G Briax,(p)i and 7rJ^(/)2 G Rriax,p)max- Here 7rJ^(/)i is given by 
T^liDi '■= Eger ^'^^''^(5)/|f7r (if the sum converges). The component 7r^(/)2,p G Rup{(y\,p) for 
P G •p"*"^' is defined by the condition that 

(<^,vrJ^(/)2,p)= Yl i^^-"^i9)ct>,f) 
bler/c/p 

for all (j) G Eaop{a-Xi p) (if the sum converges). 
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1.5.5 In L8 the push-down is defined if certain sums converge. The first part of the following 
theorem gives a range of A G for which these convergence conditions are satisfied. The second 
part asserts its meromorphic continuation to all of a^. 

Theorem 1.9 If f e C'^{dX,V{ax,(p)), then the push-down nHf) G C°°(Sr, Vbp(cta, 
converges for Re(A) < —6r — S^p. The push-down induces a meromorphic family on of 
continuous maps 

ttI : C^idX, V{ax, ^)) ^ Br{ax, ^) 
with finite- dimensional singularities. 

We will first prove the part of the theorem asserting the convergence of the push-down 
for Re (A) < —6r — Stp. Then we consider the adjoint of the push-down, the extension ext^ , 



and obtain the meromorphic continuation of the latter (see Theorem 1.11). The remainder of 



Theorem 1.9 then follows from this result by duality. 

1.5.6 By Dr{crx,Lp) we denote the topological dual space of Br{a-x,^)- It is a dual Frechet 
and Montel space. By the latter property it is reflexive so that 

Dr{ax,ipy = Bria^x,^) ■ 
Varying A G the spaces D-p^crx,^) form a direct limit of locally trivial holomorphic bundles 



of dual Frechet spaces in the sense of Subsection 2.1. 
Definition 1.10 For Re(A) > 5r + S^p the extension 

ext^ : Dr{ax,^) ^ C-^{dX,V{ax,^)) 
is defined to he the adjoint of : C°°{dX^V{a^xT'?)) -Sr(o"_A, (^). 
Theorem 1.11 The extension induces a meromorphic family of continuous maps on 

exi^ : Dr{ax,v) ^ C-^{dX,V{ax,ip)) 
with finite- dimensional singularities and values in ^C~°°{dX,V{ax,^)). 

1.5.7 The meromorphic continuation of the extension is the main goal of the present paper. We 
obtain the continuation in close connection with the meromorphic continuation of the scattering 
matrix which will be defined below. In order to define this scattering matrix we need the 
restriction map res^ which is a left-inverse of the extension. Due to the presence of cusps the 



definition of the restriction map is more complicated than in |BO00| 
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1.5.8 We first recall the definition of res^ in the case of convex-cocompact groups F (i.e. in 



the case without cusps, compare Sec. 4 of [BOOO]). In this case 

is given by the composition of the restriction of distributions to Jlr and the identification 
^C~^{^r,y{o'\,^)) — C~°°{Br,VB^{<Jx,ip)). For the purpose of the present paper we em- 
ploy a different description. 

1.5.9 Let us still assume that F is convex-cocompact. We choose a cut-off function ^ 
C^i^r) such that Y.ger9*X^ = 1- Then we define 

by vr*(/) = f (in order to understand the right-hand side properly one must identify sections 
of bundles over with F-equivariant sections on J^r)- We define 

rTs : C-°^idX,Viax,ip)) ^ C-°°(i?r, ^Bp(cta, V')) 

to be the adjoint of tt*. Then res^ coincides with the restriction of res to the subspace 
^C~'^{dX, V{ax, if)). While res depends on the choice of x^i the restriction res^ is independent 
of choices. 

1.5.10 If F has cusps of smaller rank, then we can not assume that x^ has compact support. 
The definition of vr* breaks down. Our way arround that problem is as follows. For each k gNq 
we consider the Banach spaces C^{dX,V{a^Xi'f')) B^nd define a meromorphic family of maps 
TT^ : Br{(J^x,'f) — * C'^{dX,V{a_x,'p))- The map vr^ is a right-inverse of the push-down vr^, 
and its definition is similar in spirit to that of vr* above, but the details are more complicated 
since we have to take into account the asymptotic expansions of the elements of By^o'^Xi'^) 
near cusps. One problem is that we can only deal with a finite number (depending on k) of 
these terms at a time in order to define vr^. The situation is similar to the problem of the 
construction of smooth functions with given Taylor series at a given point. It is impossible to 
construct a continuous map from the space of formal power series to smooth functions which is 
right-inverse to the surjective map which takes the Taylor series. Back to the definition of the 
restriction, let C~^{dX,V{ax,^p)) denote the distributions of order k, i.e. the topological dual 
of C''{dX,V{a-x,'f)), and define res^ : C~''{dX,V{ax,(p)) Dr{ax,<f) as the adjoint of vr^. 
The collection of maps res^ play the role of the map res above. These maps depend on choices 
and are, in particular, not compatible if we vary k. 

1.5.11 Nevertheless, we have the following uniqueness property. If G ^C~°°{dX, V{ay, 93)), 
v G a^, is a meromorphic family, and W G is compact, then for sufficiently large k the 
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meromorphic family res^{f,y), u S W, is well-defined. In fact, due to the compactness of W the 
order of fi, as a distribution is uniformly bounded for u € W. In 4.3.9 we will see that ?'e,s^(/^) 
is independent of the choices. 

1.5.12 In general the restriction maps res\ may have poles. Moreover, not every element of 
^C~°°{dX, V{(T\, if)) can be written as evaluation of a holomorphic family f,y G '"C~°°(5X, V{ai,, ip)) 
defined near A. But for generic A G the restriction map res^ is regular and every element 

/ G ^C~°°{dX, V{ax, (f)) extends to a family (in the present paper we will prove a weaker state- 
ment only, which suffices for our purposes). In this case resj^{f) is well-defined independent of 
the choice of (the sufficiently large) k, and we can omit the subscript k and write res^{f) for 
res^(/). We have the identity 

res^ o exf = id^^f^^^^^) , 

which holds true for generic A G or as an identity of maps defined on meromorphic families 
(see Lemma 4.17). 

1.5.13 If / G ^C~^{dX, V{ax, (/?)), k G No, then f^^^ is a F-invariant distribution on Jlr, hence 
can be considered as an element of C~'^{Br, Vbp(o"a, ^)). If 

is the natural map (adjoint to the inclusion C^{B, Vb(cj_a, 'f)) ^ Br{d-^\, (p)), then iores^{f) 
is defined (even though res^ may have a pole at A) and coincides with f\Q^. In particular, the 
condition i o res^{f) = is equivalent to supp(/) C Ap. 

If r has cusps, then i is not injective. In this case the condition supp(/) G Ap does not imply 
that res^{f) = (provided the latter is defined). 

1.5.14 Vanishing of res^{f) is a rather strong condition and should play the role of the condi- 
tion supp(/) C Ar in the convex-cocompact case which was successfully exploited in | BO0C| ] and 
[B099|. One application of this condition is the following result which is employed in proving 
the functional equation of the scattering matrix in the domain of convergence. 

Theorem 1.12 (Corollary |4.21j ) Assume that Re(A) > max (^{6r} U {pup \ P G V}^ +5^. If 
G ^ C~'^{dX, V{\^jL, i.p)) is a germ of a meromorphic family at A, then ext^ o res^{f^) = f^. 

Further applications of the condition res (f) = are contained in iBO02|1 ( non-existence 
of such / for Re(A) large) and [ BOa|| (estimates of the regularity of /). In fact, the proof of 
Theorem 1.12| is based on the main result of ]BO02| . 

1.5.15 We now turn to the scattering matrix. We assume that a is either a Weyl-invariant 
irreducible representation of M or of the form a' © (o"')'", where a' is irreducible and not Weyl- 
invariant, and {a')^{m) := a' {w~^mw) is the Weyl-conjugate representation of a'. Here w G 
Nk{A) is a representative of the non-trivial element of the Weyl group W = Nk{A)/M = Z/2Z. 
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1.5.16 Our starting point is the scattering matrix 

5f ^ = Ja : C-^{dX,V{ax,^)) ^ C-^{dX,V{a^x,^)) 

associated to the trivial group {1}. In representation theory it firms under the name Knapp- 
Stein intertwining operator. Here we employ a suitably normalized version as in the paper 
[BO00|, Sec. 5, to which we refer for further details. Let Jq C o* be the Z-module spanned by 
a if 2a is a root of (g, o), and by otherwise. The operators Jx form a meromorphic family of 
continuous maps with singularities in 1^ and satisfy the functional equation J\ o J_x = id. 

1.5.17 If r is non-trivial, then we obtain the scattering matrix from J\ using restriction 
and extension. 

Definition 1.13 For Re(A) > 5r + S^p we define the scattering matrix 

Sx ■ Dr{ax, v?) Dr{(J^x, 
as the meromorphic family of continuous maps 

Sx ■= res^ o Jx° ext^ . 

Theorem 1.14 The scattering matrix has a meromorphic continuation to all o/o^. It satisfies 
the functional equation o S^^^ = id and the relation Jx o ext^ = ext^ o S^. 

As noted above this theorem is proved in a multistep procedure which involves the mero- 
morphic continuation of ext^ at the same time. The basic ideas are adapted from pO00[] . The 



non-compactness of -Br due to the presence of cusps of non-maximal rank is responsible for the 
various complications which have to be resolved on the way. 

1.5.18 The following application to the Eisenstein series is an easy consequence of the preceding 
results and can be derived exactly as in IbOOCII , Cor. 10.2. Let 7 be a finite-dimensional repre- 



sentation of K and T £ Hom^f V-y). Then we have a holomorphic family of G-equivariant 
maps 

Pj : C-°°idX,Viax,ip)) - C°°(X, ^(7, (^)) 
which are called Poisson transformations. We refer to |BO0[l(| , Def. 4.8, for a definition of the 



Poisson transformation and to | BO00 |, Sec. 6, for a discussion of its properties. 



Definition 1.15 // A € a^, / G Dr{a'x,^), ext^{f) is regular, and T G Homj\,f (Kr, then 
we define the Eisenstein series E{\,f,T) e C°°(y, VV(7, by P-[ oext^{f). 
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In the special case that a, 7, and (/? are trivial, T is the identity, Re(A) > 5r, and f = 5^ is 
the delta-distribution located at 6 G B^, this definition coincides with the classical definition of 
the Eisenstein series as the F-average of the Poisson kernel, i.e. the integal kernel of P^. 



Let C(j and be the c-functions introduced in [|BO00(| , Sec. 5. We further employ the 



notation (c-y(A)T)"' as introduced in the same section of pOOOj 



Corollary 1.16 The Eisenstein series forms a meromorphic family of continuous maps with 
finite- dimensional singularities 

E{X, ., T) : Driax, ^ C^{Y, (7, if)) . 

It satisfies the functional equation 

EiX,S^xf,T) = E{-X,f,i^Tr) . 

2 Some machinery 
2.1 Limits of bundles 

2.1.1 In the present paper a main issue is the construction of families of topological vector 
spaces Vx, A € C, and the study of holomorphic (meromorphic) families of vectors f\ £ Vx 
or holomorphic (meromorphic) families of homomorphisms hx € IIom(Vx,VFx) between such 
families of spaces. In order to make the notion of a holomorphic family precise we must relate 
the spaces Vx for neighbouring A in some holomorphic manner. One way to do this is to equip the 
family of spaces with the structure of a locally trivial holomorphic bundle of topological vector 
spaces. If we fix two local trivializations Uq x Wq, Ui x Wi of the family Vx with non-trivial 
overlap, then the transition function is a holomorphic map from Uq H Ui to Ilom(IVo) Wi) with 
values in the subspace of isomorphisms. 

2.1.2 All topological vector spaces in the present paper will be locally convex. Spaces of 
homomorphisms between topological vector spaces will always be equipped with the topology 
of uniform convergence on bounded sets. We refer to p099| . Sec. 2. 2 for more details. 



If we have two holomorphic families hx € IIom(VFo5 W^i) and gx € IIom(VFi, VF2)) then we 
can consider the composition gx°hx € Ilom(IVo) ^^2)- This composition is again holomorphic 
(see [ Glo02| ]). If the evaluation Wq —i- Wq is continuous, then the adjoint h'^ € IIom(W{, W^q) is 



holomorphic, too (see again | Glo02[| ). 



In order to show that the composition of two holomorphic families of maps is again holo- 
morphic in [ p099 |. Sec. 2. 2, we assumed that Wq is a Montel space. The discussion of |Glo02] 



shows that this assumption can be omitted. 
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2.1.3 In this paper we do not show that the spaces -Br (^a ) V') (-^^r (^a , '■p) ) form locally trivial 
bundles of Frechet (dual Frechet) spaces. These families of spaces arise instead as projective 
(symbol lim) and inductive limits (symbol colim) of locally trivial bundles, respectively. E.g. 
the bundle Bu{a\, ip) comes as a limit limi?r,fc(cAi V>) of trivial bundles -Br,fc(cA5 p), k G Nq. The 
connecting maps (in the example i?r,fe(<7A; V') ~^ -Br,fe+i(cA; v)) of the diagrams are holomorphic 
families of continuous maps which are injective and have dense range (resp. are injective). But 
they are not compatible with the trivializations. 

2.1.4 We must extend the notions of a holomorphic or meromorphic family of continuous of 
maps between such limits of locally trivial holomorphic bundles. Let 

• • • C En+l C En C . . . , 
• • • C Fn+l C En C . . . 

be decreasing families of locally trivial bundles of Frechet spaces defined over some open subset 
[/ C C such that all inclusion maps are holomorphic. Let E := limE'n, E := limF„. 

Definition 2.1 A family of maps (j)z : E^ ^ Ez, z ^ U , is called holomorphic (meromorphic) 
if for each x G C/ and n E Nq there exists a neighbourhood Ux,n C U of x, m{n) € N, and 
a holomorphic (meromorphic) bundle map : {Em{n))\Uxn ~^ i^n)\Uxn -s^c/i that (j)y is the 
restriction of ^n{y) to Ey for all y E Un^x- 

The composition of two holomorphic families is again a holomorphic family (compare ||BO00|| , 
Subsection 2.2). 

2.1.5 We now consider the dual situation. Let 

■ ■ ■ ~^ -^n ^ ^ • • • , 

^ 7?' ^ 7?' ^ 
' ' ' ^ ^ ■ ■ ■ 

be direct systems of holomorphic locally trivial bundles of dual Frechet spaces defined over some 
open subset U C C Let E' := colimE'^, E' := colimF^. 

Definition 2.2 A family of maps <j)z '■ E^ ^ E'^, z ^ U , is called holomorphic (meromorphic) 
if for each x ^ U and n € Nq there exists a neighbourhood Ux,n C U of x, m{n) G N, and a 
holomorphic (meromorphic) bundle map <I>^ : {E^)\jj^^ i^'m(n))\Uxn such that for each y S 
Ux,n the restriction of (j)y to {En)y is the composition of {^n)y with the natural map {E'^^^'^)y 

Again the composition of two such families is a holomorphic (meromorphic) family. The 
adjoint of a holomorphic family is again a holomorphic (meromorphic) family. 
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2.2 Embedding 

2. 2. 1 The symmetric spaces X considered in the present paper belong to a series of symmetric 
spaces. Let denote the n'th space of the series. We will use the superscript " as a decoration 
of symbols for other objects in order to indicate that they are associated to X". For a number 
of arguments we need that 6^ is sufficiently negative. Note that 6^ — oo as n ^ oo. E.g., we 
will first obtain a meromorphic continuation of ext^'"'^^ for sufficiently large k, and then use 
the propositions below in order to conclude that ext^'"' has a meromorphic continuation, too. 

2. 2. 2 The main point of this subsection is to explain that the concept of embedding is compati- 



ble with the function and distribution spaces introduced in |1.5.2| and |1.5.6| . Furthermore we need 
compatibility with the push-down and extension maps. Note that the concept of embedding is 
only applied to the spherical case a = 1. 

2.2.3 We have embeddings X" ^ X""*"^ and i : dX"- ^ In order to have compatible 
embeddings G" ^ G""*"^ of the groups we assume at this point that is one of 

n), 50(1, n)o, SU{1., n), Sp{l, n)} . 

If we realize the last three groups of the list using F-valued matrices, F E {M, C,IHI}, then the 
embedding ^ G^~^^ is the usual embedding into the left upper corner. We have compatible 
Iwasawa decompositions such that A = = yl"^^, and in particular P" ^ P""*"^. Let C be a/2, 
a, and 2a in the cases X = iJM", X = HC^, and X = HIT, respectively. Then C = - p", 
and we have {V-^n+i)^pn = Vi^_^, and hence V{1^'^^ , (p)^QX" = V{l'^_^,{p). 

2.2.4 Let 

i* : G°°(9X"+\y(l^+\(/p)) ^ C°°{dX"',V{ll^^,ip)) 
be the restriction of sections. It is a F-equivariant and surjective continuous linear map. 

Proposition 2.3 There exists a meromorphic family of maps 

i*^:Brill-^\^)^Brill.^,^) 

such that the following diagram commutes: 

I r,n+i I r.n 

i vr* J, vr* 

IfT does not have cusps of full rank, then i^ is holomorphic. 



This proposition will be proved in various stages. First we consider a version for the spaces 
associated to the cusps, see Lemma 3.38. The global result is stated in Lemma 4.12| . 
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2.2.5 In the following we explain the construction of ij. If all cusps of T as a subgroup of 
G" have smaller rank, then ip is induced by the ususal restriction '■ C°°{By^ Vbp(1^~''^, v')) ~^ 
C°°(-Bri ^BrC^A-c both vrJ^'" and vr*'"''''^ are given as the average of sections over F. 
The relation o vr* '""''^ = tt^'"' o i* is obvious in the domain of convergence Re(A) > 5^^^ + 5ip, 
and follows by meromorphic continuation for all A € o^. We postpone the proof of the fact that 

really maps BriVl^^^ip) to BY{ll_(-,ip) until these spaces are defined. 

2.2.6 If r has cusps of full rank (when considered as a subgroup of G"), then is the sum of 
two maps : Br{ll+\^) ^ Br{ll_(-,^)i and (ij)2 : Br{ll^\^) ^ Rv{Vl_(^,^)max- The 
map (ip)i is the restriction of smooth sections, and we can apply the argument above in order 
to show commutativity of the part of the commutative diagram involving (7r*'")i and («p)i. 

2.2.7 We define (ip)2 such that the corresponding diagram is commutative. We choose k G 

No so large that ^^oopn (1" a+C ^) ^ '^"''(5^", ^(l-A+C ^" ^ prnax,n^ j ^ 

By{V^^,(P) the component ip(/)2,P" G R^p"^ {V^_(-,ip) is characterized by 

(</',«f (/)2,P") = {resl^"^^'''^^ ou{(t)),Tpn+i{f)) 

for all 4> G E'oopn (1" A+c "^l^sre c is the unique parabolic subgroup containing 

P", and 

is the natural map defined using the map 6j3n+i and a cut-off function Xp ^ C°°{By) which is 
supported in Bp and one on a neighbourhood of infinity of Bp. This definition is independent 
of the choice of k. In order to show that (^p)2 ° ttJ^'""*""^ = (7rJ^'")2 ° i* we compute in the domain 
of convergence for generic A (so that the restrictions are defined) 

(<^,(^^)2 7rJ^'"+i(/)) = (re5^"+""+'oi*((A),T;„+iovrr'«+i(/)) 

(res^^ o ((/>), Xpn+1 ovr*^ (vr a ^'^(g)/)) 

(^.(^),vrn"^-(<?)/) 
= ^ (vri-^lc'^(5-i)0,r(/)) 
= (<^,(vrf'")2or(/)) , 

where p^"^^ denotes any system of representatives of Upn+i\r, and Xp"+i •= ep„+iXp (see 



Def. 1.2 for the map Cp). In order to get the equality marked by (*) we use that 

(1 - Xp"+i) o res^^""^^'"^^ o i^(0) = 
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and 

□ 

Let i=K and denote the dual maps to i* and ip. Dualizing Prop. |2]^ we obtain the 
following corollary. 

Corollary 2.4 We have a commutative diagram of meromorphic families of maps 

t ext^'" T ext^'""^^ 

2.2.9 

Lemma 2.5 There exists holomorphic families of continuous maps 

j* : C"=^{dX''+\V{ll+l,^)) ^ C7-~(5X",y(l^,v?)) 

and 

SMc/i t/iat J* o = id, i* o = id. 

Proof. We choose a tubular neighbourhood T : F x ^ of such that 

r({0} X dX"-) = dX"-. Furthermore we choose a cut-off function x ^ C^{¥) such that 
X(0) = 1. Then we define the map t : C°^{dX'',V{l'^n,if)) , (^)) setting 

{tf){T{u,x)) := xiu)f{x) and extending this function by zero outside the tubular neighbour- 
hood. Here we use the canonical identifications C°°{dX'^,V{l'^„,(p)) = C°°{dX") (g) V^^ and 

c~(9X"+i,y(i;;+.\,(^)) = c°°(5X"+i) ® y^. 

We choose a positive section s„+i € C°°{dX'^'^^ ,V{l^^^i^^)) and put i*Sn+i =: G 
C°°(9X'^,F(i;j„+^)). Then we define : C'^{dX'',V{l'^^,^)) C°°(5X", ^)) and 

$pn+i : C'^{dX''+\V{r\l^, •f)) C°^(5X"+\ (^)) as multiplication by s^f"+^^/° and 

Sn+i ^^^") respectively. We define j* := oto , and j* as the adjoint of j^. It is now 

easy to check that and j* have the required properties. □ 
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2.2.10 If G" does not belong to the list {Spin{l,n), SO{l.,n)Q, SU{l,n), Sp{l,n)}, then there 
is a finite covering p : with G" S {5pin(l, n), S'0(1, n)o, n), S'p(l, n)}. In this 

case can find a normal subgroup F'' C F of finite index and a discrete subgroup F'^ C G" such 
that p induces an isomorphism from F*^ to F'^. Indeed, using Selberg's Lemma we can take a 
torsion-free subgroup F*^ of p^^(F) of finite index and set F*^ := p(r'^). 

We can apply the concept of embedding to the subgroup F^. In order to transfer results for 
f to F we use averages over the finite group T /T^ . 

2.3 Twisting 



2.3.1 Twisting is an important technical device of the present paper. We explain in p.3.11 and 
2.3.12| how this concept is used. But first we must introduce some notation. 



2.3.2 If (vr, V^) is a finite-dimensional representation of G, then we can form the bundles 
V{(Tx ® vr,(/9) and V{ax,T^ (X) 93). There is an isomorphism T : V{a\ Cg) vr, 99) V{a\,T^ (g) (^), 
which is given on the level of sections by T : C^{dX, V{a\ vr, tp)) ^ C°°{dX, V{ax,TT ip)), 
nf){g) ■.= 7r{g)f{g). 

2.3.3 Given an irreducible representation a of M and /Uq G a* there exists a finite-dimensional 
representation (vro-,;^, K-^ ,,) of G with highest ^-weight fi > fio such that Va- = as 
representations of M. Here 14^,^ (/i) denotes the subspace of K-^^ on which A acts with weight 
fi. Note that K-<j,^(— m) = V^^ as representations of M. 

2.3.4 If c is a representation of M of the form (t'©((t')"', where a' irreducible and not equivalent 
to its Weyl conjugate, then given ^0 e 0* there exist (tt^',^, K^,^) and (vr(^/)^.^^, for 
suitable ^ > ^o- In this case we set vTo-,^ := TTg-',^ ®'^{a')'^,fj.- connection with twisting without 
further notice we will always assume that a is Weyl-invariant and either irreducible or of the 
form a' © (o'')^ , where a' is irreducible and not Weyl invariant. Note that tt^^^ = TTa,^- 

2.3.5 We have an embedding of P- modules V^^ ^ ^Ia+m^^'^'^.m ^^^^ ^ corresponding embedding 
of F-equivariant bundles V{ax,^) ^ V{lx+f^ (g) 7ro-,^,v')- Composing this embedding with the 
isomorphism T (introduced in p. 3. 21 ) we obtain the F-equivariant embedding 

W : C^^idX, V{ax, v)) G±°°(9X, V{lx+f,,7r^,^ ® if)) . 

Similarly we have a projection of P-modules Vi^_^ ^ V^^ and a corresponding 
projection of F-equivariant bundles ^(Ia-^ (g iTo-^^j^p) V{ax,f). Composing this projection 
with the inverse of T we obtain the F-equivariant projection 

: C^'^idX, V{lx-^, vr,,^ © ip)) ^ G±~(5X, V{ax, ^)) ■ 
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2. 3. 6 Since v,/^ and p^^^ are induced by homomorphisms of T-equivariant bundles restriction 
to T-equivariant sections over ilp provides the embedding 

and the projection 

pI^^ : C^{BT,VB^{lx-^,n,^^®^)) ^ C°°(Sr, l^Br (^a, V')) • 

In Lemma will show that i^^^ (resp. maps i?r(o"A, v)! (resp. i3r(lA-/i, Tro-,/^ ^ 95)1) to 

BY{l\+^l■,'^cr,^^ ® v)i (resp. BY{(7\,ip)i). Hence we can consider the adjoint of 

which will be denoted by by 

In a similar manner the adjoint of 

^5,At '■ ^r(<7-A, <^)i Br{l-x+,„-^a,fi «) (^)i 

will be a map 

(.pl,fi)i ■ -Cr(lA-M' ^'^■M ^ V')! ^ ^r(o-A, • 

2.3.7 In the presence of cusps of full rank we must take into account their contribution to 
the function spaces (see 1.5.2]) . It is clear that io-,^ (resp. Po-,^) maps E'oop (o"a , 95) (resp. 
Eoopi'i^x~^J.,'^a,^l ^ f)) to Eoopilx+^J.,'^a,^l (Si f) (resp. Eoop{crx,'^))- We get second components 

max max 

Combining all these maps we obtain maps 

€,tM ■ Dr{ax,(p) ^ Dr{lx+fi,-^a,ti® 'P) 
Pl,fi ■ Dr{lx-ti,TTa,tM «) v^) ^ Dr{ax, v?) 
and dually corresponding maps between spaces of functions. 

2.3.8 Using the isomorphism T we transfer the action 7r^-^-M®'^s,M'i<i^ of Z{g) to 

Since this action commutes with T and is implemented by local operators we obtain an action 
of Z{g) on C°°(i?r, VBr(l-A-M' ^^.A* V')) ^^^1- We will show that i?r(l-A-AJ, tt^,^ (g) is 
a Z(0)-invariant subspace of ^^{Br, VBp(l-A-ft) ^5,^* ® (f))- By duality we obtain an action of 
Z{g) on D^ilx+lJ.,'^a,^l'S'^p)l. Since Z{q) also acts on Eoop{lx+fj.,TTa,fi<S^^), P G P™'''^, the space 
DT{^\+fi^'^(7,^i ® ^) has the structure of a ^(g)-module. 
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2.3.9 Let £ -2(g) denote the Casimir operator. Let {(T^\i G lu}, be the set of Weyl-invariant 
representations of M (irreducible or sum of two non-Weyl invariant irreducible) occuring in the 
restriction of K-^^(i^) to M, where we set :={!}. Let fj(A) := 7r'^^+''(r2) G C be the eigenvalue 
of the Casimir operator on the principal series representation Tr'^^+'^. We set / := ^j^^^Iv and 
define the meromorphic function 

i^i(A) -z^i(A) 

This function has a finite number of poles all contained in the subset /a C a*. Furthermore, we 
define 

Z{\) :=7r^^+''®'^--'"''^^(n(A)) . 

If A /a (or more precisely, if n(A) is regular), then Z{\) is a projection. 

2.3.10 For A € In we will show in Lemma |4.15| that 

: Dr{(^x,^) ker{Z(A) : Dr{lx+^,TTa,f, v?) ^ -Dr(lA+^i, vr^.^* ^ ^)} =■ kerr(Z(A)) 
is an isomorphism. We then define the continuous map 

■ D^{lx+^l,■n■a,^l<^^) — > kerr(Z(A)) ^ Dp (cta , v?) . 



In Lemma |4.15 we will furthermore show that as a function of A the maps form a meromor- 



phic family of continuous maps which is holomorphic on \ /q. If F is trivial, then we omit the 
superscript and write ja,^ for ji^il . 

2.3.11 We now explain by examples how the concept of twisting is applied. Assume that we 
have obtained a meromorphic continuation of the extension ext^ : Dr{lxj ~^ C~°°{dX, ^(Ia, ^)) 
to some half-plane W = {Re(A) > Aq} for all admissible twists Then we can obtain a mero- 
morphic continuation of ext^ : Dr{ax,y^) C~°°{dX,V{ax,^)) to some larger half plane 

W — Ho, Ho > 0, and for all a as follows. We choose {t^ct, fi,Vn^,^) for some /x > /io- Then we 

- — - r _ 

can define a meromorphic family ext : Dr{a-x, ip) —>■ C °°{dX, V{ax, if)) ior \ ^ W — fio by the 
diagram 

Drio-x,(p) ^ Dr{lx+ij.,T^a,ti^^)) 

i ext i ext^ 

c-^{dx,v{ax,^)) C"-(ax,y(iA+^,^.,,.®^)) 

We then show that ext^ = ext for all A with sufficiently large real part. Thus ext provides a 
meromorphic continuation of ext^ . 



2 SOME MACHINERY 



21 



2.3.12 Assume that we have defined the scattering matrix S\ : Dr{l\,ip) Dr{l-x,(p) in 
the spherical case for ah admissible twists ip. Then we could define the scattering matrix 
: Dr{(7x, if) —5- Dr{(J^\, Lp) for all a using the diagram 

iSl iSl^^ . (2) 

For generic A G we have a well-defined map res^ : ^C~^{dX,V{lx+f_i,TTa,^ P')) — > 
Drilx+fij'^a,)! ^ f), and we can define res^ : ^C~°°{dX,V{ax,P')) Dricrx,^) using the 
diagram 

^C-°-idX,V{ax,ip)) '^C~°-{dX,V{lx+^,TT„,,,0ip)) 
I res^ I res^ 

Drier x,'p) ^ -C»r(lA+/,,vr^,^ V') 

We then check that S'£ defined by (||) coincides with res^ ° J\° ext^. 

2.4 Holomorphic vector bundles over C 

2.4.1 It is a general fact that each finite-dimensional holomorphic vector bundle over C or a 
half-plane is trivial. Let [/ C C be open and be a finite-dimensional holomorphic vector 
bundle over U. Furthermore let U x V ^ U he a trivial bundle of Frechet spaces over U. By 
£ and V we denote the corresponding sheaves of holomorphic sections. Let (p : E ^ V he a. 
meromorphic family of linear maps. The assertions of the following lemma are well-known in 
the case where V is finite-dimensional. 

Lemma 2.6 1. There exists a unique finite- dimensional subbundle F C U x V such that (p 
factors over a meromorphic family of maps ip : E ^ F which is surjective for generic 
z£U. 

2. If we have meromorphic families of bundle maps Ze : E ^ E and Zy : V ^ V such that 
(f) o Ze = Zy o then Zy restricts to a meromorphic family of bundle maps of F. 

3. Furthermore, if U = C or a half-plane, then there exists a meromorphic right-inverse 
r] : F ^ E such that (p o rj = idp. 

Proof. The proof of this lemma will occupy the remainder of the present subsection. The main 
point which we will explain in detail is the reduction to the finite-dimensional case. 
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2.4-2 We first show that F exists. Let (p have singularities in the discrete subset A C U, 
and let Hz, z (z A, denote the order of the corresponding singularity. We consider the divisor 
D := X^^g^'T'z^, the associated line bundle L{D), and its sheaf of sections C{D). Let V{D) be 
the sheaf of sections oiV ® L{D). Then cp induces a holomorphic map (po ■ E ^ V ® L(D). Let 
W be the quotient sheaf 

and denote by Tor{W) its torsion subsheaf. We define ^(-D) as the kernel 

^ J^{D) V{D) W/Tor{W) . 
There is a natural factorization of (^d over ipo £ ^ ^{^)- 

2.4.3 We claim that J^iD) is a coherent sheaf. Let x eU. K v e V{D)x, then let lp{v) G V 
denote the leading part of v at x. Note that lp{v) = implies that v = since a Laurent series 
must start somewhere. 

We define the subspace Z c ^ as the set of all leading parts lp{(pD{&))-, e G £x- 

2.4.4 We now show that dim(Z) < 00. We choose a connected neighbourhood Ux d U oi x 
and a holomorphic trivialization Ep^ = Ux x E^. Let (p = Yln>m^nz'^ denote the Laurent 
expansion of (p in this trivialization, where G Hom(£'a;, V). Then using that dimE'^; < 00 we 
have 

fc-i 

Z = (pm{Ex) + ^m+i(ker (pm) + ^m+2(ker (pm n ker <pm+i) H h <Pm+k{ n ker (pm+i) , 

1=0 

where k € Nq is sufficiently large such that Plj—g ker (pm+i = 0^=0 k^r 4'm+i 

for alU > A;. This 

proves that dim(Z) < 00. 

2.4.5 We choose some closed subspace y C ^ of finite codimension such that Z r\Y = {0}. 
We consider the composition cp^ : E V V /Y . We form the quotient of sheaves 

S ^ V{D)/y{D) ^ W ^ , 
and we define J^{D) as the kernel 

^ T{D) V{D)/y{D) W/Tor{W) . 
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2.4-6 Consider the following commutative diagram of sheaves on Ux- 



J, -j, ^ 

^ ^ y{D) ^ y{D) ^ 

v[. -1- >t 

^ £/keT(l)D V{D) ^ W ^ 

J- -i \' 

^ f/ker^^ ^ V(i?)/3^(Z?) ^ W ^ 

■I- ■J' ■1' 



The two lower rows are exact by construction. We now show that the left column is exact. We 
have a sequence 

ker((/)D) C ker((/>£)) C £ 

of inclusioins of torsion-free sheaves. In particular, ker(i;A£)) and \Lei{(t)D) are sheaves of holomor- 
phic sections of vector bundles on Ux ■ If we show that the inclusion induces an isomorphism 

ker ((/)£) )^ = kei {(j)D)x , (3) 

then we conclude an isomorphism of sheaves kei((j)£)) = ker((j)£)) after shrinking Ux, if necessary. 
To see (|3[) consider h E keT{(l)jj)x. Then lp{(f>£){h)) G Y. Since on the other hand lp{(j)D{h)) G Z 
we conclude that lp{(l)£i{h)) = 0, hence h € ker((/)£))^. 

We now conclude that the last column is exact, too. 
2.4-7 We now consider the diagram 



0^0^ TorW ^ TorW 
^ y{D) W ^ W ^ . 

■I' \' \- 

^ 3^(1?) ^ W/TorW ^ W/TorW 




Since y{D) is torsion-free we have y{D) D TorW = This implies the isomorphism in the upper 
row. It follows that all rows and columns of this diagram are exact. 
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2.4-8 We now consider the following diagram of sheaves on Ux- 



J, J, \, 

0^0^ y{D) ^ y{D) ^ 

J, J, J, 

^ T{D) V{D) W/TorW 

^ T{D) V{D)/y{D) W/TorW 

J, J, \, 



The rows and the middle column are exact. We just have shown that the right column is exact. 
2.4-9 We conclude that the natural map J-{D) ^{D) is an isomorphism of sheaves. This 
proves the claim |2X^ since J-{D) is obviously coherent. 

2.4.10 Since J~{D) is torsion- free it is the sheaf of sections of a holomorphic vector bundle 
F{D) (here we use the fact that the base space is smooth and one-dimensional). By construction 
J-{D) /ip£){£) is torsion and therefore iIjd,x '■ — > F{D)x is surjective for generic x ^U. We 
define F := F{D) ^ L{—D) and \e,t ij) : E ^ F he the corresponding meromorphic family of 
maps. The uniqueness part and assertion 2. are left to the reader. 

2.4.11 We now construct the meromorphic right-inverse 77. Note that we can assume that E 
and F are trivial. We fix trivializations and a constant Hermitian metric on E. Let 2; € C be 
such that (p : Ez ^ Fz IS regular and surjective. Let P be the orthogonal projection onto the 
orthogonal complement of keri;^^. We extend P constantly over U and let P{E) be the range 
of P. The composition (p o P : P{E) F is invertible at z and therefore has a meromorphic 
family of inverses rj : F ^ P{F) C E. □ 



2.4.12 

Definition 2.7 The bundle F constructed in Lemma |^. 6| is called the image bundle of (J). 

3 Pure cusps 

3.1 Geometry of cusps 

3.1.1 In this subsection we analyze the geometry of cusps. First we recall the following theorem 
of Auslander. 
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Theorem 3.1 ([ [Aus61 ], [ Apa97[| ) Let N be a connected, simply-connected nilpotent Lie group 



and M be a compact group of automorphisms of N. Furthermore let U CZ N y\ M be a discrete 
subgroup and U* := NUq HU = p'^{p{U)q), where p : N >i M ^ M is the projection, ()o stands 
for connected component of the identity, and "7" means the closure of the set in the argument. 
Then 

1. U* C U is a normal subgroup of finite index. 

2. There exists b ^ N and a connected subgroup Ny C N such that (U*)^ := bU*b~^ acts 
effectively and cocompactly by translations on Ny, i.e. there is lattice V* C Ny and an 
isomorphism 9 : {U*)^ V* such that u.x = 6{u)x, x € Ny, where {N x M) x N 3 
(a, x) I— > a.x S denotes the natural action of N x M on N. 

3. The element b £ N of 2. can be choosen such that U^ leaves the space Ny invariant. 



4. Muo := p{U*) C M is a torus. 



The third assertion is due to Apanasov |Apa97 



3.1.2 We now apply Theorem ^ to a discrete torsion-free subgroup U C P of a paraboUc 
subgroup P C G such that P is U -cuspidal. We have the exact sequence 

O^N^P^L^O, (4) 

where N is the nil-radical of P. The group L decomposes as L = M x ^, and we denote by 
Im ■ P ^ M the composition of / with the projection from L to M. Let E := 1~^{M x {1}). 
If we choose a split si : M —>■ E of the sequence 0— >A^— >-E-Hm^O, then m £ M 
acts by the automorphism si{m) on A^, and we have an isomorphism T^^ : P ^ iV x^^ M. 



Since P is [/-cuspidal we have U C E. Applying Theorem 3^ to Ts^{U) we obtain a subgroup 
Tsi{U)* C Ts^{U) of finite index, b £ N, a connected subgroup Ny, a lattice V* C Ny, and 
an isomorphism 9 : bTs^{U)*b~'^ — s- V* such that bTsj^{U)b~^ leaves Ny invariant and acts by 
translations on Ny via 9. 

3.1.3 If we replace the split si and Ny by b^^Nyb and s := b~^sib, then Ts{U) itself leaves 
Ny invariant, and Ts{U)* acts by translations on Ny. 

From now on we use the split s in order to identify M with the subgroup s{M) C E C P, 
to write E as the product NM, and to indentify Ts{U) with U. 

3.1.4 Any element u £ U* {u £ U) can be written as nuniu € NM such that n„ € Ny and m„ 
centralizes (normalizes) Ny. 

We have V* := {nu\u £ U*} C Ny. The map V* 3 niu € M defines a homomorphism 

m* :V* ^ Muo. 
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Lemma 3.2 There exists a subgroup V CV* of finite index such that the restriction m := m*y 
extends to a homomorphism m : Ny M^/o . 

Proof. Let tt : V* Nv/[Nv, Ny] be the projection. Then Tr{V*) C Nv/[Nv, Ny] is a lattice 



(see e.g. iRag72| , proof of Thm. 2.10). Let gi,...gn £V*,n = dim{Nv /[Ny , Ny]) be such 
that vr((7i), . . . ,TT{gn) generate the lattice Tr{V*). We define V := {gi, . . . ,gn)- Furthermore we 
put Xi := log(gi) G ny and consider 7r(Xj) € nv'/[ny,ny]. Then 7r{Xi) is a basis of ny/[ny,ny], 
and {^1, . . . ,Xn} generate the Lie algebra ny. We conclude that Ny is the smallest connected 



group containing V, and by piag72 1 , Ch.2, y is a lattice in Ny. Therefore V C V* has finite 
index. 

We claim that V r\[Ny,Ny] = [V,V]. Let g G V n[Ny,Ny]. Then there are finite sequences 
ik G {1, . . . ,n} and Ck G {1, —1}, k = 1, . . . r, such that g = g'^^ . . . g^^ . Applying vr we obtain 
1 = 7r(5(jJ^i . . . 7r{gi^y^. Using the fact that A^y/[A^y, Ny] is free abelian we conclude that there 
is a permutation cr G 5,. such that 1 = g'^''*^' . . .g'^'^^'K We conclude that I = g modulo [F, Fl, 
i.e. g G [V^, V^]- This proves the claim. 

We first define the derivative dm : ny nxf/o of m as the composition 

ny ^ ny/[ny,ny] m[/o , 

where q is given by q{-K{Xi)) := Zi, i = l,...n, where Zi G rriAr^ is any element satisfying 
exp(Zj) = m{gi). Integrating the derivative we obtain a representation fh : Ny — > Mjjo such 
that m{gi) = rh{gi), i = 1 . . . ,n. Since M^/o is a torus we see that m must factor over [V, V] and 
conclude that m = m. This finishes the proof of the lemma. □ 



3.1.5 We consider the subgroup of finite index U^ := {vm{v)\v G V} C U. 

Definition 3.3 We define U^ to be the largest normal subgroup of U such that U^ C U^ C U, 



I.e. 



C/O := Pi . 



U^ C U has finite index, too. The torus M^/o coincides with m{N^ 



Definition 3.4 We set Puo := NyMjjo. Furthermore we define Mjj := Im{U) and Pu :- 

NyMu. 

Then U C Pu, Mijo C Mjj has finite index, and Mfj normalizes Ny. 
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3.1.6 We have an exact sequence 



where the decomposition E = NM is already fixed by the split s. The split extends uniquely 
to a split s : MA —>■ P of (^) and induces a split of the sequence above. In particular we obtain 
a Langlands decomposition P = NAM, where we identify A with its image by s. The split 
furthermore defines an action of A on by automorphisms commuting with the action of M. 
3.1.7 We call the cusp associated to U C P regular if we can choose s such that Ny is A- 
invariant (compare Definition |1-3|). 



Lemma 3.5 If X is a real or complex hyperbolic space, then every cusp is regular. 

Proof. If X is real-hyperbolic, then for any split s the group A acts on n as multiplication by 
scalars. Any subspace, in particular riy, is invariant with respect to A. 

We now consider the case that X = HC"'. Assume that we have chosen a split s. Then 
we can decompose n = ria © n2a with respect to the action of A such that a G A acts on rxia 
as multiplication by a*"^. Here rio, is a symplectic vector space of dimension 2(n — 2), where 
the symplectic form with values in the one-dimensional space n2a is given by the commutator. 
Taking M^o -invariants we obtain a decomposition n'^uo = m ©n2, where ni C is a symplectic 
subspace ( [|GS77 ], Prop. 4.2.1). If ni = {0}, then ny = n2 is invariant with respect to A, and we 



are done. We now assume that ni ^ {0}. We have two cases. If n2 C ny, then ny = nynni©n2, 
and this space is invariant with respect to A. Thus we assume that n2 ^ ny. Since dim(n2) = 1 
we then have n2 fl ny = {0}. Let : ny — > n^ denote the projections. Then pi : ny ^ ni is 
injective. Let A : ni — n2 be a linear extension of p2 o p'^^ : pi(ny) n2. Since the symplectic 
form is non-degenerate there exists a unique 1" E ni such that X{X) = [Y,X] for all X £ ni. 

Let h := exp(-y) G A^*V. We claim that n^ C ni. Indeed, if X G ny, then p2iX^) = 
P2{X - [Y,X]) = \{pi{X)) - [Y,X] = [Y,X] - [Y,X] = 0. 

If we replace the split s : M x A ^ P hy hsh^^ , then ny gets replaced by riy. Thus by an 
appropriate choice of the split we can assume that ny C ni, and we are done. □ 



3.1.8 The next lemma shows that regularity of cusps is a proper restriction in the case of HM"'. 
Lemma 3.6 If X = HM^ , n>2, then there exist non-regular cusps. 

Proof. It suffices to provide an example for n = 2. We can identify n = H © Ime(IHI) 
(Ime(IHI) denoting the imaginary quaternions), and the commutator of X, y G EI is given by 
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[X, Y] = XY — YX € Ime(IH). Implicitly we have fixed some split s x t such that a & A acts 
on H as multiplication by a" and on Ime(EI) by a^". Let 1, 1, J,K he a base of the copy of IH 
and k be the base of Ime(E[). Then we consider ny = spauj^jl, / + j, i} and let U C Ny be 
any lattice. It is not possible to conjugate this subspace into an ^-invariant one. □ 



3.1.9 Assume that U C P defines a regular cusp. 

Definition 3.7 We define pu € o* hy pu{H) := ^tv{ad{H)\„^), where rxy is the Lie algebra of 
Ny. Furthermore, we set := p — pjj . 

3.2 Schwartz spaces 

3.2.1 In this subsection we start the description of our function spaces. Here we introduce the 
Schwartz spaces Su {a\ , (/?) . We will show that these spaces form trivial holomophic bundles of 
Frechet spaces for A E a^, and that they are compatible with twisting. The Schwartz spaces are 
basic building blocks of the function spaces Bu{a\, ip) which we will define later (see Subsection 
0). 

3.2.2 We fix a representative w £ K oi the non-trivial element of the Weyl group W{Q,a) 
such that w"^ = 1. Let oop G dX be the fixed point of P and Op := woop. The subset 



Qu = Qp = dX \ oop is the A^-orbit of Op (see Subsection L2 for notation). Indeed, the map 
N 3 X xwoop € ^Ijj is a diffeomorphism from N to ^Ijj. 

3.2.3 Let (cr, Vct) be a finite-dimensional unitary representation of M. Given A G we form 



the representation {ax,Va.^) of P (see 1.3.2 ). Furthermore, let {ip,V^) be an admissible twist 
(see Definition |L^) . 

3.2.4 The action of A on U{n) induces a grading. We choose a basis {Ai} of Z^(n) such that 
the subset {A^ \ deg{Ai) < da} spans U{n)-'^°'. Furthermore, we choose a norm |.| on V^. For 
any d € Nq, G M, and compact subset 1^ C \ Ny (see Theorem for the definition of Ny) 
we define the seminorm qw,d,k on C^{Bu,VB^{cr\,ip)) by 

qwAkif) ■■= sup sup sup a'="-2(^-^^)|^(a)-V(xM,^«)| . 

{i\ deg{Ai)<da} x(^W a€A+ 

Here we consider a section of ^^^(cajV) ^ ^ {/-invariant function on G \ P with values in 
® ^ satisfying the corresponding invariance conditions with respect to the right P-action, 
and where u £ U acts by {n'^^''^{u)f){xw) = ip{u)f{u~^xw). 

3.2.5 We fix W and another compact subset W C N such that VF'Ul^'^+ projects surjectively 
onto Bjj. We add an arbitrary C"^-norm over W' to qw,d,k in order to obtain a norm ||.||A;,d. We 
first define Sif^k^if^x, ^) to be the Banach space closure of C^{Bu, Vpuicrx, (p)) with respect to 
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This Banach space is independent (up to equivalent norms) of the choices of W, W, |.|, 
and the base of U (n) . 

Definition 3.8 We define Su^ki^x^'^) to he the intersection of the spaces Su^k,d{<^\^'^) for all 
d € Nq. The space Su^k{o'x,^p) is a Frechet space which is topologized by the countable set of 
norms ||.||A:,d, d € Nq. 

The space Sij,k{<^\,'-p) is a space of smooth sections with a fixed growth rate at infinity of Bu 
measured by E Nq. 

3.2.6 We now show that the family of spaces {5'[/^fc(cJA, v)}AeaJ. forms a trivial holomorphic 
bundle of Frechet spaces. To this end we construct a certain holomorphic family of functions s^, 
2: € C. In the proof of Lemma 3.10| we use multiplication by these functions in order to identify 
the Schwartz spaces for different A € a^. 
3.2.7 

Lemma 3.9 There exists a positive Pjj -invariant function s € C°^{N) such that for any com- 
pact subset W C N \ Ny there is ao ^ A with s(x") = a'^°'s{x) for all a > uq and x € W. 

Proof. Let N := and consider the decomposition 

G\wP = NMAN , g = n{g)m{x)a{x)n{x) . 

Note that a{xw) satisfies a{x°'w) = a'^a{xw) for all a € ^ and x ^ N \ {1} (see (|6|) below). 
We consider the function N \ {1} 3 x a{xw)" as a positive function si £ C°°{N \ {1}). Let 
S2 G C°°{N) be any positive function. Using a partition of unity we glue si and ,52 to obtain 
a positive function S3 G C°^{N) which coincides with si outside of a compact subset Wi of A^. 
We now choose 2; G M such z < —puja and define S4 as the average 

s^{x) := / s\{y.x)dy 
Jpjj 



(see Definition |3.4| for Pu and Theorem 3.1, (2) for the action (y, x) 1-^ y-x). The integral 
converges (compare Lemma 3.16| ) and defines a positive P^j-invariant smooth function on N . If 
1^ C \ iVy is compact, then there is a° G >1 such that {NyWy^^ n VFi = for all o > cq. If 
a > ao and x G W ., then we have 



^4(x") = / sl{y.x'^)dy 
JPu 



sl{vx'''')dvdu 



a^Pv / / sl{{vxT'')dvdu 

J Mir J Ny 
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We define s as the a/{za + p;7)'th power of S4. □ 



3.2.8 We now consider tlie function s constructed in Lemma 3^ as a section s G C°°(Op, F(lp_|_Q,)) 
by defining .s{xw) := s{x). 

If A € a*, then the bundle V^(1a) is a complex line bundle which can be written as the 
complexification of a trivial G-equivariant real line bundle ^(1^)^- It makes sense to speak of a 
positive section of ^(Ia)'*. A section of V{lx) is called positive if it is a positive section of the 
real subbundle ^(1^)'^. In particular, the section s of V{lp+a) constructed above is positive. 

3.2.9 For each z G C we can form s^, which is a section of V{lp-^-za)- There is a natural 
identification V{a\) (g)V{lp+za) — ^(ca+zq)- Multiplication by identifies C°°{Qp,V{ax,ip)) 
with C^{np,V{ax+za,y^)). 

Lemma 3.10 For each d € No and 2: € C multiplication by defines a continuous map from 
Su,k,d{,CF\,ip) to Su,k,dicrx+za,V^)- The family {Su,kicrx,<p)}\eal is a trivial holomorphic bundle 
of Frechet spaces. 

Proof. Since s is [/-invariant and non- vanishing multiplication by is an isomorphism of 
C°°{Bu .,VBu{cy\,^)) with C°°(i?[/, Vb^ (cJA+za) V')) and of the subspaces of sections with com- 
pact support. It suffices to show that there is a constant C G M such that for all / G 
C^(S[7, Vb^, (cja, V?)) we have < C||/||j!c^rf. This follows from the Leibniz rule and the 

following estimate. Let A G ^(n) be homogeneous of degree da. Then for any compact subset 
W d N \ Ny there is a constant C G M and oq G A such that for x G and a > oq 

\s^{x'^Aw)\ = \s'{{xA''~')''w)\ 
= a'^^'''^'^''\s'{xAw)\ 

For any Aq we now define the trivialization <I>Ao '■ UAeaj. '^u,k{'^x, Su^ki^^Xo, x such 
that the restriction of <I>Ao to the fibre Sjj^k{'^\i^) is multiplication by s(-*'o-a)/«_ 'pj^g transition 
map <I>Ao o <^^^ is multiplication by s('^o--^i)/a thus independent of A. In particular, it is a 
holomorphic family of continuous maps. □ 



3.2.10 The Schwartz space is the space of smooth rapidly decaying sections on Bu. 

Definition 3.11 We define the Schwartz space Si/{ax,ip) as the intersection of the spaces 
Su,k{cr\, ^) over all /c G Nq. 
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3.2.11 Since the trivializations <I>a are compatible with the inclusions Su^j^i {a\,ip) ^ Sjj^k (c'A > ^) ■, 
k' > k, we obtain the following corollary. 

Corollary 3.12 The family {Su{a\,<p)}\,za^ is a trivial holomorphic vector bundle of Frechet 
spaces. 

3.2.12 Note that the inclusions Su,k+i[<y\^'^) ^ Su,kicrx,ip) are compact. The proof of this 
fact is a simple application of the Lemma of Arzela-Ascoli. The compactness of these inclusions 
imply the following fact. 

Corollary 3.13 The Schwartz space Su{crx,^p) is a Montel space. In particular, it is reflexive. 

3.2.13 If the cusp associated to U C P has full rank, then we have for all A; G No 

3.2.14 Next we show that the Schwartz spaces are compatible with twisting. Let cr be a Weyl 
invariant representation of M and (vro-,/^ , 14-^ ^ ) be a finite-dimensional representation of G as in 



2.3.3. See 2.3.9 for the definition of Z{X) and n(A). 



Lemma 3.14 

1. The Schwartz space Su{ax,(p) coincides with the closed subspace of^C°°{dX,V{ax,ip)) of 
sections which vanish at cop of infinite order. 

2. We have holomorphic families of continuous maps 

{^^A*} : Su{crx,ip) ^ Su{l\+^,,^^a,^,®'{>) 
{P^M^ • Su{l\^^,,^^a,^l®'f)^Su{(Tx,ip). 

3. Su{lx+iJ.,'^a,fi V') ^-5 Z{Q)-module. 

4. If X ^ la; then S'{/((Ta,9?) isomorphically onto 

ker{Z(A) : Su{lx+^,, '^a,fi ^ ^p) ^ Su{Ix+^l, T^a,fM «) (f)} , 
and the restriction o/jp^/t} 

ker{Z(A) : Su{lx^t^, tt^.m (Exp) ^ Su{lx~f,, T^a,^i ® p)} 
is an isomorphism onto Sij{cyx:f) (here Z{\) is the adjoint o/7r^-^+''®'^'^''""^*'(n(A))J. 
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5. The composition 

{ja,fM} '■ -^c/IIa+m, «) (p) ^ ^^'^ ker(Z(A)) Sui^x, V>) 

which is intitially defined for A Jo extends to a meromorphic family of continuous maps. 
Similarly, the composition 

({Pct 

{Qa,,i} ■ Su{crx, ^) ker(Z(A)) S'c7(lA-/i, vr^,/i ® ^) 

extends to a meromorphic family of continuous maps. 

Proof. We leave the proof of 1. at this place to the interested reader. Alternatively the assertion 
can be considered as an immediate consequence of the material of Subsection |3.3[ 

3.2.15 2. follows from 1. and the fact that {i^^} and {p^^} are induced by an inclusion 

and a projection 

of bundles. Another argument for the assertion about {i^^} would be to check that {i^^} maps 
Su,k,d{crx, (f) continuously to Su,k',di'i^x+^i,'^a,fi (8) (f), k' = k + fi/a, for all fc, d G No by comparing 
the norms explicitly. A similar argument works for {p^^} as well. 

3.2.16 In order to see 3. note that the action of cZ{q) is implemented by differential operators. 
Using the fact that the action yr^^+M^'^'^.M.id^ q£ Z{q) commutes with the action vr^^'+f'^'^.M®'/' of 
PjjA which is used in order to characterize the growth of elements of Su,k{^x+fj., 7^(7,^1 f) one 
could alternatively check that this space is a 2(0)-module. 

3.2.17 We now prove the first assertion of 4. and leave the second to the reader since the 
argument is similar. The representation Vi^^^ V^^ ^ of P fits into an exact sequence 

which induces a corresponding exact sequence of bundles 

^ Viax, (^) ^(1a+m, ® ^) ^ Viw, if) ^ , (5) 

where w denotes the representation oi P onW. Using 1. we obtain an exact sequence of sections 
which vanish of infinite order at oop. Going over to [/-invariant sections we obtain the exact 
sequence 

O^Su{crx,(p) ^ Su{lx+^l,'^a,^l® <p) ^ Su{w,if) . 



3 PURE CUSPS 



33 



The action of commutes with p. The operator n(A) is designed such that 7r'"''^(n(A)) = 1 
and 7r°"^''^(n(A)) = (note that A ^ la)- Since {i^^} is a morphism of Z(0)-modules we see that 
{i^^} maps to ker(Z(A)). In order to show that it is onto take / G ker(Z(A)). Then 

p{f) = - z{x))f) = (1 - ^-'^(n(A))M/) = , 

and / is in the range of {i^^}- 

3.2.18 Finahy we show the first assertion of 5. and leave the second to the reader since the 
argument is similar, again. We choose a holomorphic family of splits j : V^(1a+^i tTo-,^ (8) 93) — > 
V[a\,(p) of the sequence of bundles (|5|) (not necessarily {/-invariant). The split j induces a 
holomorphic family of maps J : C^{dX,V{\\j^^, 1:^,^1 ® f)) C°°{dX,V{ax,ip)). The map J 
is compatible with the subspaces of sections vanishing of infinite order at oop. We define the 
meromorphic family of continuous maps as the restricition of Jo(l — Z(A)) to Su{lx+f^, tTcj^^® 
if). Since 

7.,,of^^^ = jo{i-z{\))oil^ = id 

and the restriction of to ker(l — Z{\)) vanishes we see by 4. that j^^ maps to Su{cr\,^), 
and that it coincides with {j^^} for X ^ I^- □ 



3.3 Asymptotics for the trivial group 

3.3.1 We consider the decomposition G \ wP = NMAN, g = n{g)m{g)a{g)n{g). There is a 
unique diffeomorphism F : A^\{1} iV\{l} such that nw E F{n)MAN . Indeed, F{n) = n{nw). 
One can check that 

a(n'"'^u;) = a^a{nw) (6) 
m{n"'w) = m{nw) 
F{rr'') = F{n) 



\ma 



3.3.2 Let {^p,Vip) be an admissible twist for U. For simplicity we normalize the restriction of 
if io A such that the lowest ^-weights of all its irreducible coponents are zero. Let € a* be 
the highest weight of ip. 

3.3.3 In the present subsection we describe the space C°°{dX,V {a\,ip)) =: Bf^iy{ax,ip) as an 
extension 

S{iy{(Jx,(p) B{iy{ax,(p) R{i}{(Jx,(p) . 

The Schwartz space S^ij{ax,^) coincides with the subspace of C°°{dX,V{ax,^)) of all section 
that vanish at 00 p of infinite order. Note that N is diffeomorphic to dX \ Op by n 1-^ noop 
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(recall that Op = woop). Using a theorem of E. Borel to the effect that each formal power series 
can be realized as a Taylor scries of a smooth function we obtain an exact sequence 

^ 5{i}(aA, f) ^ V{ax,v)) ^ Hom(W(iT), F^, ®V^)^0, (7) 

where TS is given by rS(/)(^) := f{Ae). 

3.3.4 The space Hom(Z^(n), Fq-a <^ ^v) admits an action of AMu by (n./)(A) := {(Tx{u) (g) 

^). With respect to the action of A it can be decomposed as 

Hom(W(n), V^, (S)V^)= ]J Hom(W(ti), ® "l^^)" , 

neNo 

where ^ acts on the M;7-module Hom(W(fi), V^^ V"^)" with weight p — X + an. 

3.3.5 By definition a function p : N ^ V^^ (g) is a polynomial iff p o exp : fi (g) V"^ is a 
polynomial. Such a function p is called homogeneous of degree n, iff 

5.5.^ The space Hom(Z//(fl), F^^^ (X" V^^)" can be identified ^M[/-equivariantly with the space of 
polynomials Po\{N ,Vay^ ® ^y-)" on N with values in V^^ ® being homogeneous of degree n. 
Here a polynomial p € Pol(iV, V^^ ^ V^)" corresponds to the map h{{n) 3 A p{Ae) € V^^ <S>Vip. 

3.3.7 If a homogeneous polynomial p € Pol(iV, ^0-;^ "X" K^)" is considered as a section of 
F((Ta, ip) defined over dX \ {Op}, then we have for x G A'^ 

fp{xw) = fp{F{x)m{xw)a{xw)n(x'w)) = a{m{xw))~^a{xw)^~'' fp{F{x)) . 

In particular, for x G AT, a; ^ 1, and a G ^ we have 

^{a)-^ Uix'^w) = ^{a)-^a{x^wt-''<j{m{x^w))-^fp{F{x'')) 
= a^^^-p'>-''"a{xw)^-''a{m{xw))-^fp{F{x)) . 

Definition 3.15 We define A^iy{ax,ip)"' C C°°{dX \ {oop, Op}, F((7;^, (/?)) as the subspace of 
sections f satisfying 

Viay^fix^w) = a^^^-P^-'"^f{xw) (8) 

for all X E N \ {!}, a E A. We define the subspace R^i-j{(Jx, C A^ij{ax, cp)^ as the subspace 
spanned by the sections fp corresponding to p & Pol(7V, V^p)'^ . We further define R{i}^h{^\^ v) ■= 
en=o%}(^A,¥'r andR{,}{ax,^) := 11^=0 %}(^A, V')"- 

3.3.8 The spaces A^i^{ax, for the various A can be identified using multiplication by suitable 
powers of the function xw 1-^ a{xw)" and therefore form a trivial vector bundle of Frechct spaces 
over a^. The spaces i?{]^|(cj;\, c/?)" form trivial finite-dimensional subbundles trivialized by the 
identification with the trivial bundles x Pol(iV, (g) V^)" — >■ cIq. Thus has the 
structure of a trivial holomorphic vector bundle. 
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3.3.9 We fix a smooth cut-off function x ^ C°°{A) sucfi tliat xi^,) = in a neighbourhood of 
A- and xi<^) = 1 if a" > 2. Multiphcation by the function 

ftp 9 xOp 1-^ xi^i^'w)) 

defines inclusions L : R^ij{ax, C°°{B^ij, V^ij{(7x, (/?)) for each n, and summing these maps 

up we obtain inclusions 

In the present paper the symbol L is used for various maps of this kind. It will always be clear 
from the context which version of L is meant. 

3.3.10 If /G5{i},,,(aA,(/^),then 

lim™a'=""'(^"^V(a)"V(^"«^) = 

uniformly for x in compact subsets of \ {!}. Thus L{R^ij j^{ax,^)) intersects S*!!} ^((Ta, v) 
trivially. We define 

B{i},k{(^X,V) ■■= 5'{l},fc(o-A,V') e L(i?{i}_fc(crA,(/?)) . 
This space fits into the exact sequence 

AS 

5'{i},fc(fTA, 9?) ^{i},fc(f^A, ^) -R{i},fc(o-A, V?) ^ , (9) 

where AS takes the finite asymptotic expansion. To AS applies the same remark as as above 
for L. This symbol appears in various versions which will be denoted by the same symbol, and 
it will be clear from the context which version is meant. 

3.3.11 The sequence @ is split by L and defines /^.(o"a, v?) as a topological vector space 
and the family of spaces ^(cta, f)}\ea*f, as a trivial bundle of Frechet spaces. Moreover, we 
have continuous and compact inclusions -B{i},a;+i(o'a, 9?) ^ ^(cja, (/s). The intersection of 
these spaces over all /c € No is the Frechet and Montel space i3{i}.((TA, y?), which concides with 
C°°(9X, y(crA, because of exactness of (^. Note that the sequence 

5{i}(crA, if) B{i^{ax, ^ R{i}{<yx, 9?) ^ 
does not admit any continuous split. 

3.3.12 Though this is clearly possible we will not attempt to trivialize the family of spaces 
i?|i|((TA, 95). But we keep in mind that i?{x|(crA, (/s) is an intersection of trivial holomorphic 
bundles (see p. 1.4 ). Below we will obtain a similar description of the spaces Bulkier \, f)- 
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3.4 The spaces Bu^k{(j\,(f) 

3.4-1 In the present subsection a is any finite-dimensional representation of M, and (p denotes 
a twist. Below we define the spaces Bi/{ax, ip). In particular, we construct the spaces Ri/{ax, ip) 
which describe the asymptotic behaviour of elements of Bu{a\,ip). For simplicity we assume 
that the twist if is normalized as in 3.3.2| . 

3.4-2 We assume that U C P defines a cusp of smaller rank. The case of cusps of full rank 
will be discussed in Subsection 3^. We want to define a map vrf^ : A^iy^axT^p)"' C°°{^p \ 
Nv{Op},V{ax,ip)) by 



Pi 



u 



If X Ny, then the integrand {T:^^''^{u)f){xw) is well-defined for all u E Pu- We will see below 



that this integral converges for Re(A) < — lip/2. Let S{Ny) := {x € Nv\a{xw) = 1} (see 



3.3.2 for a definition of and Definition 3.7 for p ). 

3-4-3 Employing the assumption that Ny is invariant under conjugation by A (regularity of 
the cusp, Definition pT^ ) we can consider polar coordinates S{Ny) x A 9 (^, a) i— > € Ny of 
Nv\{l}- 

Lemma 3.16 There is a measure on S{Ny) such that the Haar measure dx of Ny is given 
by a^Pvdadi. 

Proof- There is a family of measures d^(a) on S{Ny) such that for any / G Cc{Ny) we have 

f{x)dx = f I f{e)di{a)a^P^da . 
Nv -I A JS{Nv) 

We compute for any b G A 

f{x^~^)dx = b'^P" [ f{x)dx 

Nv Jnv 

= b^'"'' I I f{e)di{a)a^P'''da , 
J A Js(Nv) 

f{x'")dx = [ [ f{e'")di{a)a'P^da 
Nv J A Js{Nv) 

= b^"^' [ [ f{e)di{ab)a'^P"da . 
J A Js(Nv) 

We conclude that d^{ab) = d^{a) for all 6 € A and hence (i^(a) = (i^(l) =: d^. □ 
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3.4-4 Recall the the Definition 3A of Pu = NyMij. We introduce the abbreviation 

/o := / vr-^'^WM . 
JM,, 



iMu 

Then we can write for x Ny and using the homogeneity (^) 





[ v{er^uexw)a^''^dida 


J A 


ls{Nv) 


Ia 


[ if{a)ip{i)-^^{a)-^ fQ{aia-^xw)a^Pv dida 




Is(Nv) 


Ia 


[ if{a)ip{i)'^^{a)'^ fQ{aix'''\~^w)a'^P" dida 




ls{Nv) 


Ia 


[ ^{aMO-^Uix--"w)a'^^-P"^-^^dida . 




ls{Nv) 



(10) 



(11) 

We decompose the outer integral into the integrals over Aj^ and and obtain 7r^^(/), tt^' {f) 
such that 7rf^(/) = 7r+^(/) + 7r!!'^(/). It is clear from ^ that ir'y {f) converges for all A E o£. 
We conclude from (|ll|) that 7r+^ (/) converges for Re(A) < + {na - l^)/2. 
In this domain of convergence we compute for h ^ A 

^{b)-'7r^m){x'w) = b^^^-p"^-^^n^^{f){xw) . 

3.4-5 Motivated by this calculation we make the following definition. 

Definition 3.17 We define ^p^(c7A) V')" *o be the space of all Pu -invariant f £ C°°{ytp \ 
Nv^p,V{a\,ip)) satisfying 

ifiay^fix^w) = a^^^-p"'^-'"'f{xw) 

for all a e A, X e N \ Ny . 
3.4.6 

Lemma 3.18 The family of spaces {Ap^{a\,ip)'^}x^a^ forms a trivial holomorphic family of 
Frechet and Montel spaces. 

Proof. For some z G M with z < —pu/a we define the function 



si{x) := / a{y.xwy"dy . 
JPu 

We further define s as the a/{za + p[/)'th power of si. Now we consider the function s as a 
section s € C°°{^lp \ A^yOp, F(lp+Q,)) defining s{xw) := s{x). Multiplication by .s^ defines an 
continuous isomorphism of Ap^(ax, ip)"^ with Ap^{ax^^, y?)". We employ these isomorphisms in 
order to define a holomorphic trivialization of the bundle. □ 
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3.4.7 For Re(A) < p^ + (na-/^)/2 we have defined above a holomorphic family of continuous 
maps 

Lemma 3.19 The family i:^" extends meromorphically to all of 0^ with at most first order 
poles in the set + '"^ + ^Nq. The residues are finite- dimensional. 

Proof. Recall the decomposition vrf^ = ir^ + tt^" introduced in 3.4.4. We have already seen 



that 7r_'^ has a holomorphic continuation. It suffices to show that tTj^ has a meromorphic 
continuation. 

Consider / € yl{i}(cJA, v?)"- Let 

F{x) := [ ip{0-'fo{^xw)d^ 
Js(Nv) 

(see p. 4. 4 for the definition of /o). This function is smooth in a small neighbourhood of 1 G and 
on \ Ny. Using the Taylor formula for each r G Nq we can write F{x"') = X]g=o Fq{x)a'^'^ + 
a('""'"^)°i?r.(x, a), where Fq is a homogeneous polynomial of degree qa on N and Rr{x,a) is 
uniformly bounded as a — 0. We write tt^ {f){xw) := f^^ (p{a)F{x"' ^)a^^^~P^^~^°'da and 
insert the expansion for F in order to obtain 

7^l^f)[xw) := J}.{f)[xw) + J?{f){xw) , 



where 



4{f){xw) ■■= I viaW^^~''"^'^''^''^''daFg{x) 

J^{f){xw) := [ if{a)Rr{x,a'^)a^'^^-p'">'^'-+^+'^^''da . 



A4 



The integral converges for Re(A) < + {n + r + l)a/2 — 1^/2. In order to evaluate we 
introduce the operator B := {d/ da)\a=w{(^) £ End(K/,). In order to define this derivative we em- 
bed A into the multiplicative group of M. Since is assumed to be algebraic as a representation 
of A the eigenvalues of B are integral. We have 

r 

Jl{f){xw) = - Y,{B + 2(A - p^) - (n + q)a)-^F,{x) . 

q=0 

In particular we see that has a meromorphic continuation to all of 0^. Since we can choose 
r arbitrarily large we obtain a meromorphic continuation of tt^^ to all of 0?;. □ 



3 PURE CUSPS 



39 



3.4-8 Recall the Definition 3.15 of the subspace of polynomials R^iy{ax, C Ai{ax, (/?)"". We 
consider the following diagram 



We can complete the diagram using the concept of an image bundle Definition 

Definition 3.20 We define Ri/{ax,ip)^ C Ap^{ax, as the image bundle of the restriction 
o/vrf^ to R^ij{ax,f)"' ■ We define the meromorphic family of maps 

[7rl!]:R{,y{ax,vr^Ru{ax,vr 
to be induced by vrf^. Furthermore, we define Ru^k{o'x,'p) ■= ®n=o-^u{(^X:'p)"' and let 

k^] : -R{i},A:(crA,V') ^ Ru,k{cr\,'f) 
denote the corresponding meromorphic family of maps. 

Similar to the usage of ^45 and L the symbol [vrj^] denotes various versions of the push-down on 
the level of asymptotic terms. It will be clear from the context wich version is meant. 

3.4.9 Using the second assertion of Lemma |2.6| we choose once and for all meromorphic families 
of right-inverses 

[Q]:Ru{ax,vT ^R{i}{ax,vT 

of ]. 

3.4.10 Let X G C°°{Bi/) be a cut-off function such that 1 — x has compact support, and which 
vanishes in a neighbourhood of U\{PuOp). We can assume that x is -Pc/-invariant (otherwise we 
replace it by the average xw 1-^ Iu\Pu x{'^^^^'^)du). Multiplication by x defines an inclusion 



L : Rjj^kio'x,^) C°°{Bu,VBjjio'x,f))- As in Subsection 3^ we see that L{Ru^k{o'X}f)) H 

SuM^^'V') = {0}- 
3.4.11 

Definition 3.21 We define the Frechet space 



Bu,k{cfx, <f) ■= Su,k{crx, if) © L{Ru,k{crx, 



Furthermore we define the Frechet and Montel space Bu{ax,^) to be the intersection of the 
spaces Bijk(ax, f) for a// A; € N. 
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Note that Bu^k{a\,(p) fits into tlie split exact sequence 

AS 

Su,k{(^x, tp) Bu,k{crx, (f ) RuA'^x, V') ^ , (12) 

where AS takes the finite asymptotic expansion. Since the spaces Su,kicrx,^) and Ru^ki^^x, ^) 
form trivial holomorphic bundles we can employ the split L of the sequence in order to equip 
the family of spaces {-Bc/,a;(o'a, with the structure of a trivial holomorphic bundle over 

Of;- The space Bu{ax,^) fits into the exact sequence 

Suicrx, V?) Bu{crx, (f) Ruicrx, ^) ^ (13) 
which does not admit any continuous split. The spaces Bu{ax,^) form a projective limit of 



locally trivial holomorphic bundles in the sense of 2.1.4 . 

3.4-12 We now show compatibility of the spaces Bij{ax,(p) with twisting. We assume that a 
is Weyl invariant as in |2.3.4 . Let (tTq-^^, ^) be a finite-dimensional representation of G as in 



gX3| . Recall the notation Pa,fi and ia;fi from |2.3.5| 



Lemma 3.22 1. For each n € No we have the following commutative diagrams 

i k.^] i [^f ] (14) 

[i" ] 

R{l}{(7x,^r R{l}{lX-^,'^a,^.®^)"' 
[pU ] 

R{u}{ax,^T i?{c/}(lA-^,7r^,;,0(^)™ 

where m := n + fi/a. 
2. We have holomorphic families of continuous maps 



ana 



3. Bu{lx+ti,'^cr,tJ.^ ^) is a Z{q) -module. 

4. If ^ ^ la; then maps Bu{ax,^) isomorphically onto 

ker{Z(A) : Bu{lx+fM,-^a,fM ® ^) ^ Bu{lx+fM,-^a,fM <8) (p)} , 
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and the restriction of ^ to 

ker{Z(A) : Bu{l\-^„ tt^,^ (S) ^) ^ Bu{l\-^,, vr^,/^ <^)} 
is an isomorphism onto Bij{a\,ip) (here Z{\) is the adjoint of ^T^-^+^^®'^'''^^'^^'^(Jl{\))). 
5. The composition 

ja,f, ■ Bu{l\+^, vr^,^ ^p) ^ ker,7(Z(A)) ^ Bu{crx, f) 

which is initially defined for X ^ la extends to a meromorphic family of continuous maps. 
Similarly, the composition 

: Buiax,^) ^"^^ ' ker(Z(A)) ^ Bu{lx-^.,7r.,^ ^ 
extends to a meromorphic family of continuous maps. 

Proof. 

3.4-13 We consider the first diagram of 1. and leave tlie second to the reader since the argument 
is similar. First one checks that the inclusion i^-^^ induces an inclusion 

for all n G Nq, m := n + ji/a. Now we obtain diagram (0), where the map [i^ ^ is the restriction 
of io-^'" which is well-defined by the naturality of the image bundle construction Lemma 
3.4.14 Assertion 2. follows from Lemma 3.14 , 2. and 1. Indeed, maps Bjjk{a\,ip) to 



where k' = k + /x/a. The argument for the second assertion of 2. is similar. 
3.4.15 In order to prove 3. we first show that the spaces Ru{1\+^^t^(t,^i ® v)™" are a Z{q)- 
modules. Note that the representations vr^^+M^'^'^.M'id.^ of ^(g) and vt^^+m-'^'^.m®'.^ of APu commute. 
Since we employ the latter representation in order to define homogeneities we see that the spaces 
^Py(lA+/^,vro-,^(X'(/3)™' are ^(g)-modules. The space R^ij{lx+^,TTf^^f^(Sif) is clearly a Z(0)-module 
since it is the quotient of C°°{dX,V{lx^^,'ira,^ 'S' (f)) by the submodule vr^,^ f) 



(Lemma 3.14 , 3.). Thus the subspaces R^ij{lx+ij.,TTa,f_i ^ v')™' are Z(g)-modules. We obtain the 
Z(g)-module structure on Ru{^x+fj,,T^a,fi ^ v)"^ from Lemma ^]6| since ■n^'^ is 2(0)-equivariant. 



Assertion 3. now follows from Lemma 3.14, 3. and the fact that for any A £ 2(q) the 



commutator [7r^^+'^'^'^'"'^'"^'^(yl), x] is a differential operator with compactly supported coefficients 
on Bij. 
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3.4-16 We now prove the first assertion of 4. and leave tlie second to the reader. The exact 
sequence of bundles (||) induces an exact sequence 



where m = n+fi/a and we employ an appropriate definition of homogeneity for the last space. If 
A /„, then we have ker(Z(A) : Ru{lx+f,,iTa,^i®v)"^ Ru{l\+^i,-na,n'^^)'^) =ker(p). For these 
A the map [i^^] identifies Ru{a\, (p)"' with the kernel of Z{X). If f £ i?[/(lA+^, vro-,|j ® (p) satisfies 
Z{X){f) = 0, then Z{X)AS{f) = 0. From what was shown above and ( p^ ) it follows that there 
exists g £ Bu{cF\,ip) such that [i^^] o AS{g) = AS{f). Then / - i^^^{g) G S'(7(1a+;,, vr^,/^ ® p), 
and by Lemma |3.14| , 4. there exists /i G Su{(Tx,ip) such that = f — i^^^io)- Thus 

/ = i^^^{h + g), and this finishes the proof of 4. 

3.4-17 We now prove the first assertion of 5. and leave the second to the reader. We employ 
the notation introduced in the proof of Lemma 3.14| , 5. For each n G No there is m G No such 



that J : Su^mi^x+fi,'^cT,fM (8) V?) — > Su^n{o'x,V') is a holomorphic family of maps. We define the 
meromorphic family of continuous maps : i?c/,m(lA+^t) tTo-,^ y?) — Bu^ni^'x, f) by 

r.M) ■■= L ° [C]"' o AS o{l- Z{\)){f) + {£j{f -LoASo{l- Z{X)){f)) . 

Then o i^^^{f) = / for any / G Bu{ax, Since vanishes on ker(l — Z{X)) we conclude 
that the restriction of to Bu{lx+f_i-,TTa,fi (S> p) coincides with for A /„. This proves 5. □ 



3.5 The push-down for Schwartz spaces 

3. 5- 1 In this subsection we show that the push-down induces a map between Schwartz spaces 

{tt^} : 5'{i},fc(lA,V') Su,k{lx,^) - 
Note that we only consider the spherical case a = 1. 

Lemma 3.23 1. The push-down {vr^} converges for Re(A) < + {ka - l^)/2. 

2. For ki < k it induces a holomorphic family of maps {vr^} : S'|i} fc(lA,v) ~^ 'S'c/,fci (Ia, V')- 
Proof. 

3.5.2 Let / G (^{i}, ^b^.j (1a, V?))- Then {n^Kf) = Enec/ ^'"''^ converges and defines 
an element of C^{Bu, Vg^ (1a, p)). 
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3.5.3 Let h € Nq, W C N \ Ny be compact, |.| be a (/7(Mt/)-invariant norm on V^p, and 
D G ZY(n)^'^" (see ^^2^ for notation). Then we consider the seminorm 

qw.DAf) ■■= sup sup a'^°-2(^-''^)|^(a)-i(/)(x'^Du;)l . 
The first assertion of the Lemma will easily follow from estimates of the form 

and the second assertion will follow from the convergence of sums of the form 

Y,<lw,D,kM''^('^)f) <C\\f\\k4 ■ 

3.5.4 If M 7^ 1, then we can write = rriu^^" for suitable G S{Nv), bu € A, and m„ G 
Mu (see p.4.2| for the notation S{Nv)). There is a constant C £ R such that for all / G 
C^{B^ij, Vb^^j (1a, (p)), X G W, a^A, l^u^U with > a we have the estimate 

\^{a)-\'>^''^{u)f{x^Dw)\ = |v^(a)-V(e^)-V(m„e^x«^«^)| 

= |v?(a-i6„)(/?(e„)"V(fc«')/("^«(e«^"'"Y"^^)l 
< C||/|U,fc|^(a-i6J|62(A-P)-fc« 

and for < a 

\^{a)-'7r'-'^iu)f{x''Dw)\ = |^(a)- V(d")"V("^«d"^"^^^)l 

= |¥^(?r'''")-V(«)~V(m„(e'"""x)«I)u;)| 

5.5.5 If Re(A) < + {ka — lif,)/2, then summing up these estimates over U and estimat- 
ing the sum by an integral over Pu we obtain Ci G M such that all x G W, a G A'^ , 

This implies 



qw,DA{^*}f) < Ci 



k,d ■ 



3.5.6 Multiplying the two inequalities above by afci"-2(A-p ) taking the supremum over x 
and a we obtain qw,D,kii'^^^''^i'^)f) < bu^^^ ki)a ^ Summing this over U and estimating the 
sum over U by the integral over Pu we obtain 

Y.qw,DM{'^^''''^'^)f) <C\\f\\k,d ■ 

□ 
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5.5.7 Recall (Definition 3.11 ) that S^ij{l\,if) is the intersection of the spaces S^ij^j^{lx, if) for 



A; € No- Hence Lemma |3.23 implies the following corollary. 
Corollary 3.24 We have a holomorphic family of maps 

{7T^}■.S^,}{lx,^)^Su{lx,^) 

defined on all of . 

3. 5. 8 We now turn to the problem of constructing a right-inverse of the push-down for Schwartz 
spaces. Its adjoint plays an important role in the construction of the restriction map. Below we 
encounter the effect of a loss of regularity {—2pjj). This is one of the places where the presence 
of cusps makes the theory much more complicated in comparison with the convex cocompact 
case. 
3.5.9 

Lemma 3.25 For all ki G No satisfying kia < ka — 2pij there exists a holomorphic family of 
maps 

{Q} ■■ Su,k{lx,^) S'{i}^fc^(lA,(/^) 
such that {vr^} o {Q} is the natural inclusion S^ij^i.{lx,ip) ^ S^ij f.-^{l\,ip). 

Proof. We define a holomorphic family {Q} of right-inverses of {vr^}. We employ a cut-off 
function S C°°{Qp) with = li and such that x^i^D) is bounded for each 

D G U{n). Here we have identified Qp with N. Then x^ considered as a function on N can be 
derived with respect to the left invariant differential operator D. 

To see that such a function exists we equip Qp = N with a MA^-invariant Riemannian metric 
such that U acts isometrically. Note that the Riemannian manifold U\N admits a lower bound 
of the injectivity radius. 

For / G S'[7^fc(lA, v?) we define {Q}{f) to be the lift of / to Qp multiplied by x^ ■ It is then 
easy to see that {Q} : Su^ki^Xif) if) for all ki G No satisfying kia < ka — 2pu. 

Therefore we obtain a holomorphic family of maps {Q} : 5;7(1a, ^) 5|i}(1a, ^f). By definition 
{vrf}o{Q} = id. □ 



3.6 Push down for cusps of smaller rank 

3.6.1 We assume that the cusp associated to U C P does not have full rank. In order to 
construct the push-down it remains to extend {tt^} (constructed in Lemma 3.23| ) for each G N 
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from S^iy j^{lx,ip) to B^iy j^{lx,^p) such that the following diagram is commutative: 

AS 











•S'{l},fc(lA,V') B{iyk{lx,ip) 

The main technical result in this direction is the following Proposition ^.26 



AS 



3.6.2 Note that ^)'^ is a finite-dimensional representation of the torus Mj/o (see 3.1.5| 

for the explanation of M^o). Let X{Muo) denote the set of characters of Mjjo. For any 6 G 
X{Muo) let be the subspace of all / € such that 

7ri-'^(t)/ = e{t)f . 

Then we have a finite decomposition 

%}(1a, %}(iA,¥')r 

5.6.5 Recall the construction of L from |3.4.1C . Furthermore see Definition 3.20 for [vr^"], 
Definition 3.7 for and 3.3.2 for l^p. 

Proposition 3.26 The composition 

^roL:ii|i}(lA,v^)^^Sc;o(lA,(^) 

converges for Re(A) < + {na — lip)/2 and has a meromorphic continuation to all of such 
that ASonf oL = [-Kf]. 



Proof. 



3.6.4 We decompose the push-down vr^ into two intermediate maps. The first map is the 
push-down vri ' o L : R^ij{lx,(p)g -B^^/o ^yo] (1a, V') with respect to the commutator group 
[C/°, C/*^], and the second is a relative push-down ti^°/1^°'^°] , Note that M^o centralizes [C/*^, C/*^] 
(see p. 1.4 ) and therefore acts on the sequence 

Spo^uO]{lx,ip) B[ijo^uO]{lx,(p) i?[[/o^^O](lA,V?) . 
The representation of M^o on i?[^o [70](1a, v') is compatible with the decomposition 
®n=o %o,C/0](1a,V')" - 

3.6.5 Let i?[f/o f/o] (1a, 97)5 be the subspace of all / € R[ijo ijo]{lx,f)^ satisfying 

7ri-^(t)/ = d{t)f . 
Then we have a further finite decomposition 

R[UO,UO]{'^\i^T = R[U0,U0]{'^X^V)9 ■ 
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3.6.6 We will first show 

Lemma 3.27 The push-down over [U^, U^] defines a meromorphic family of maps 
such that 

A5ovr[^''.^°loL=[vr[^°'^"]] . 

It is clear that the average {vr^ '^'^ ''^ '} : S[ijo^ijO]{l\, if) — £'{70(1^, (/j) over U^/[U^,U^] con- 
verges and depends holomorphically on A. A simple way to see this formally is to write 

} = K } ° {<3I oTTi 

using the split {Q} constructed in Lemma |3.25| and Corollary |3.24 . 
Proposition |3.26| now immediately follows from 

Lemma 3.28 The composition 

/[U ,U ] R[uo^uo]{lx,^p)0 Buo{lx,^p) 
defines a meromorphic family of maps such that 

AS OTT^ ' o L o [vri = [vrjr J . 

3. 6. 7 We now start with the proof of Lemma 3.27| . Since M^/o is abelian the homomorphism 
m : Ny Mjjo vanishes on [Ny,Ny]. Therefore [C/'^,[/''] is a discrete subgroup of the center 
of N. If / G i2|i}(lA,(/^)", then for all d G No we have ||L(/)|| 

n d < 00. Therefore the same 

arguments as in the proof of Lemma 3.23| show that the push-down vr* ' o L converges for 
Re(A) < + {na - l^)/2. 

3.6.8 We consider the abelian group Z := Ppo^ijcn^ = [Ny, Ny]- If we are given an unitary char- 
acter § G X{Z), then we consider the push-down vrf which associates to / G C°°{dX, ^(Ia, '^)) 
the average 

vrf'^C/) := / ^?(z)-i7ri-'^(z)(/|f,)dz 
JZ 

provided the integral converges. 

3.6.9 Observe that is a cocompact discrete subgroup of Z. We normalize the Haar 
measure of Z such that vol([C/°, C/°]\Z) = 1. Let X{Z, [U^ ,U^]) denote the set of all unitary 
characters of Z which are trivial on \U^ , U^]. We identify X{Z) with ii* and X{Z, \U^ , U^\) with 
a lattice in ^3*, where 3 denotes the Lie algebra of Z. Our approach is based on the Poisson 
summation formula which states that 

^£X(z,[uo,m]) 

in the domain of convergence. 



3 PURE CUSPS 



47 



3.6.10 We choose an euclidean structure on 3. This structure induces norms on 3 and 3*. 
Furthermore we use the euchdean structure in order to define a Laplace operator A G Uil) which 
is normalized such that if G X{Z), then T?(A'a;) = Let COP : U{i) U{i)®U{i) 
denote the coproduct on U{i). Tlicrc arc ^ij, B/j, Cij G such that 

{COP ®l)o COP{^}) = Aij Bij ® Cij . 

j 

Let D D he the canonical antiautomorphism of ^(3). 

3.6.11 Fix ; G N and let / G R)^i-j{l\, (p)^ . Recah that L{f){xw) = x{a{xw)) f (xw) , where 
X € C°°(^) was some cut-off function which vanishes on a neighbourhood of and is equal to 
one near 00. By S{Z) we denote the unit-sphere in Z. For ^ G >S'(Z) and a G A we compute 

= 7ri^''^(a)7r^^''^((A')«"'07r^^''^(a-i)x(a(.u;))/(.u;) 

= aP-^-'^^°'Tr'^^''^{a)7T^^''^{A^0v{a-^)x{aia.a-^w))fia.a-^w) 

= a^-''-("+^')°^7r^^''^(a)7r^^''^(A')V9(e)x(a^a(r^-^^))/(r^^^) 



j 

3.6.12 If W C N is any compact subset and D G U{n), then there is a constant C G M such 
that 

|7r^^''^(A'C")^(/)(y^w')l < Ca2(^-^)-("+40"+'^ 
for all ^ G and a G A+. 

If Re(A) is sufficiently small, then by partial integration for ?? G ^{Z, [U'^, U^]), 1? 7^ 

7rf'^(L(/)) = J^^{x)-\'^^^x)L{f)dx 

= ^ l^nx)-\'-^^{A^x)Lif )dx 

By the estimate above the integral converges locally uniformly on {Re(A) < + (n + 

4l)a/2 — lip/2}, and for any compact subset of this region, D G U{n), and compact subset 
W C N there is a constant Ci such that 

\7rf '^{L{f)){yDw)\< 



1^1 



2i 
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for all y eW. 

3.6.13 Choosing 21 > dim(Z) we see that the sum 
converges in C'^{^p,V{\\,ip)). 

3. 6. 14 Refining the estimates above we now show that this sum in fact converges in the space 
of rapidly decreasing functions. Let Wi C \ Z be a compact subset and D G U{n). It 
immediately follows from (15), that there is a constant C2 such that for aW ^ G S{Z), a,b G A^, 



with a > b and y € Wi 

Let COP{D) = Y^h^h^^l denote the coproduct of L», where here COP:U{n) -^U{n)®U{n). 
We find a constant C3 € M such that for all ^ € S{Z), a, 5 E yl+ with a <b and y € Wi 



i^ibr^-K^^'nA^nHmy'Dw)] 



= a-^'^b'^^'P^-^^\Y,v{{Ai,jO'''")x{h''a{(C^ 
Using this estimate we see that 

can be estimated by Cb'^^'^^P^^ l)-(n+40a^ where C can be choosen uniformly for y E Wi and 
A in compact subsets of {Re(A) < p^^°'^°^ + {n + Al)a/2 — l^p/2}. Since we can choose / arbitrary 
large we obtain a holomorphic continuation of the sum above to all of aj. Moreover we see that 
this sum is rapidly decreasing with respect to b. 

Z 

3.6.15 We now consider vr* ' [L{f)). If Re(A) is sufficiently small then we can write 

J A Js{Z) 

We again employ the relation 

= a^^^-P^-^'^^{aMi)x{a^a{C^a-^yaw))f{i-\-^yaw) . 
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Note that 

F{a,y):= [ 'f{i)x{a'a{C\w))f{C\w)di 
JS{Z) 

is a smooth function of y near y = which is independent of a for large a. Let 

r 

F{a, y-~" ) = + a-(^+i)"i2,(a, y) 

be the asymptotic expansion for large a (z A obtained from the Taylor series of F(a, y) at y = 0. 
The remainder Rr{a,y) remains bounded as a ^ oo. We write 

7rP(L(/))M=/+(y)+I_(y), 

where 

I+{y) := [ a2(^-'''^"'^°')-Xa)F(a,y»")da 
Ja+ 

Uy) := [ [ 7r'''''{eW)iyw)dCa'''l^'-^°^da . 
J A- Js{Z) 

The integral /_ converges for all A G and defines a holomorphic family of smooth functions. 
We write I+{y) := Jriv) + Jf-iv), where 

Ja+ 

The integral converges for Re(A) < + (n + r + l)a/2 — 1^/2 and defines a smooth 

function in y. The integral can be evaluated: 



q=0 

where B := ■^^^_-^(p{a) € End(K^) (compare with the proof of Lemma 3.1S| ). It obviously 
defines a meromorphic family of smooth functions. Since we can choose r arbitrary large we 
obtain a meromorphic continuation of vr* ' {L{f )) to all of a^. Note that if y € N \ Z and 
6 G A is sufficiently large, then we have 'k^''^ {L[f)){y^w) = tt^ ['^^"■^"l [f)(y^w), where ir^ [t^"-^"! -^r^g 



discussed in Subsection 3.4. We conclude that tt^, ' {L{f)) € Sj^/o ;70](1a, (/:')®-L(-R[£/o^[/o](1a, V')'^ 
We have shown that 



has a meromorphic continuation to all of such that AS'o7r[^ ' oL = [vrl^ This finishes 
the proof of the lemma. □ 
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3.6.16 We now prove Lemma |3.28 in a similar manner. Since Mjjo centralizes Ny we can form 



the direct product Pi := Pjjo/Z = MjjoT where T := Ny jZ (the group Z was defined in 3.6. 



By construction of U'^ there is a lattice V\ dT and a homomorphism m : T ^ Mjjo such that 
U°/[U^, U^] = {m{v)v\v G Vi} C Pi. For / G R[uo^uo]i'i-x, v)e (this space is defined in we 
have 

7r^^'^imiv)v)Lif)iyw) = 6"'{vMv)fid-'yw) , 
where v (z N is any lift of w G T, and ^™ = 9 o m €z X(T). 

3.6.17 We normalize the Haar measure on T such that vol(Vi\r) = 1. Given a unitary char- 
acter ^ G '^(P), we consider the push-down tt^:' , which associates to / G C°°(P2, Vbz(1a, V')) 
the average 



provided the integral converges. Note that we define L : Pj^/o j/O] (1a, — ^ -S[c/o,c/0] (Ia, ^) using 
a Z-invariant cut-off function (recall that Z = Pj^/o j/o]). It follows from the proof of Lemma 
O^that all / G Pf^/o (/oj (1a, are Z-invariant. Therefore L(/) G C°°(Pz, Vs^ ((9, 99)) and 
vr* ' {L{f)) is well-defined (up to convergence). 

3.6.18 We fix an isomorphism of abelian groups T = M.^^'^^'^) preserving the Haar measure such 
that we obtain an euclidean structure on T and its Lie algebra t. As before let X{T, Vi) denote 
the set of all unitary characters of T which are trivial on Vi. We identify X{T) with it* and 
-%'(r, Vi) with a lattice in it* . If / G Pj^/o ;yO](lA, v)^ , then by the Poisson summation formula 

in the domain of convergence. 

3.6.19 Note that if 6"" G X{T, Vi), then 61 = by the construction of M^o. If 6* 7^ 0, then will 
show that Yl-deX{TVi)^'*'^^^ i^if)) gives rise to a rapidly decreasing section for all A G a^. 
If 9 = 0, then again Y1ot^^€X{tVi)^'*'^~^ i^if)) is rapidly decreasing. The remaining term 
TU'^{L{f)) contributes to 5^o(1a,¥?) © L{Ruo{lx,ip)Q) and depends meromorphically on A. 

3.6.20 Observe that A normalizes Z. This is a consequence of the assumption that the cusp is 
regular, and that the Langlands decomposition of P is adapted (Definition |1.3| ). It is in fact the 
reason for making this assumption. We see that A acts on T. In particular t* decomposes into 
two eigenspaces t = tj © t2 (we write = 'di(B^2 for the corresponding decomposition of G t*) 
with respect to A such that A acts on t* by a*", i = 1,2. We define the ^-homogeneous "norm" 
on t* by I"!?! := (|i9i|^ + |??2p)"'^''^- Furthermore we use the euclidean structure on ti in order to 
define Laplace operators Aj G hl{ti) and the A-homogeneous operator A := A^ -|- A2. We fix 
the normalizations such that for d G X{T) we have 'd{/S!'x) = \'d'\^^'d{x). Let Pjj'^ /[U'^,U'^] ^ ^* 
such that A acts on A^-^^t by the character 0'^^°/^^'-'''^''''^. Note that Puo/[u",u^] + P[u",u'^] = Pu- 
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3. 6.21 Let COP : U{i) U{i) ®U{i) denote the coproduct on U{i). There are Aij, Bij, Cij € 
W(t) such that 

{COP 1) o COP(A') = Aij Bij Cij . 

j 

Let D D he the canonical antiautomorphism of U{t). 

Recall that L{f){xw) = x{xw)f{xw), where x is ^-invariant. By S{T) we denote the unit- 
sphere in T. For ^ G S{T) and a e A we compute 

= «A+p-2,[^°.^°I-(n+40a ^ ^^^^^^ (aMAi^jOxiaC' Bi,j .a-'w) f {C'Ci^j .w) 

j 



^2(A-,[-°.-''l)-(n+4Z)a ^ ^(a)^(A,^ .e)x(ar'S,,,a-^«;)/(e-^Qja-^a«;) . (16) 



If W C iV is any compact subset and D G U{n), then there is a constant C G M such that 

for all ^ e S'(r) and a G A+. 

5.6.^^ If Re(A) is sufficiently small, then by partial integration ioi i) e X{T,Vi), - 9"' / 



{L{f)) = j^{^-e^r\xy^''^{x)L{f)da 





- 9"^ 


2; 




1 








2Z 




1 




1^ 


- 6*"* 


2i 



/5{T) 

By the estimate above the integral converges locally uniformly on {Re(A) < + {n + Al)a/2 — 
lipl'i)^ and for any compact subset of this region, D G W(n), and compact subset W (Z N there 
is a constant C\ such that 

for all y^W. 
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3.6.23 Choosing 21 > dim(T) we see that the sum 

■&£X(Tyi),-d-e^^o 

converges m C°°(ri, F(1a, v))- 

3. 6. 24 Refining the estimates above we now show that this sum in fact converges in the space 
of rapidly decreasing functions. Let Wi C N \ Ny be a compact subset and D £ l/({n). It 
immediately follows from (16), that there is a constant C2 such that for all G S{T), a,b A^, 
with a > b and y € Wi 



Let COP{D) = Y.hDh® denote the coproduct of D, where here COP : U{n) U{n) O 
W(n). 

We find a constant C3 such that for all G S{T), a,b A^, with a <b and y G Wi 

|(^(6)-^(vri-^(A'r)L(/))(y''Du;)| 
^ a^i^-p'''"'""')-(n+^^)-\Y^^(ab-')^i\^^^^^^^ 

= a-^'''b'^^-p'''"^"''^-nT.^iiAi,jO'''")x^ 

< (<.^^2{A-p[t'°.^°l)-{n+4/)a _ 

Using this estimate we see that 

i9GA'(T,Vi),i?-6»™-7^0 

can be estimated by C'6^('^~''^)~("+^')", where C can be choosen uniformly for y E Wi and A in 
compact subsets of {Re(A) < + (n + 4/)q/2 — lip/2}. Since we can choose / arbitrary large we 
obtain a holomorphic continuation of the sum above to all of and that it is rapidly decreasing 
with respect to b. 

3.6.25 Let now = and consider vr* ' {L(f )). We write for Re(A) sufficiently small 

vrr°(^(/)) = / / 7T'^'''{e)L{f)dCa"'^'nuo,uo,da . 
J A Js{T) 



We again employ 



TT'^'newxyw) 
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Note that 



F{a,y):= [ ^{Ox{aC^ya-^w)f{C^yw)di 

JS(T] 



IS{T) 

is a smooth function of y near y = which is independent of a for large a. Let 

r 

F{a,y--') = Y,F^{y)a-'i'' + a-^'+^^"Rr{a,y) 

g=0 

be the asymptotic expansion for large a e A obtained from the Taylor series of F{a, y) at y = 0. 
The remainder Rr{a,y) remains bounded as a ^ oo. We write 

7rJ'\Lif)){yw) = I+{y) + I.{y), 

where 

I+{y) = f a2(^-^'')-""(^(a)F(a,y""')da 

Ja+ 

I-{y) =11 7r'"''{e)L{f){yw)d^a^'^°m°^^°^da. 

J Js(T) 

The integral /_ converges for all A € and defines a holomorphic family of smooth functions. 
We write := Jl{y) + Jr{y)-> where 

•^^+ g=0 

J^{y) := f a^^^-p'''^-'"^^{a)a-^''^^^'^Rr{a,y)da . 
Ja+ 

The integral converges for Re(A) < + (n + r + 1)q;/2 — lip/2 and defines a smooth function 
in y. The integral can be evaluated: 

J^y) = + 2(A - p^) - (n + q)ar'F,{y) . 

It obviously defines a meromorphic family of smooth functions. Since we can choose r arbitrary 
large we obtain a meromorphic continuation of 7r^'^(L(/)) to all of o^. 

3.6.26 Let now / G R^i^{l\, (p)^. li y e N \ T and b e A is sufficiently large, then we have 
7rr'°oLo[.r/[^°'^°l](/)(/) = nJ''^onf'\f){y') 

= 7r^°(/)(y') 

= kr](/)(y'). 

We now have shown that if / G -R[[/o^[/o] (1a, V')^) then TT* ' \f) & Sjjo{lx,ip)®L{Ruo{l\,ip)"'), 
and that tt* ' depends meromorphically on A. □ 
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3.6.27 The finite group C//C/° acts on Suo^^i'^x, ^) and i?[;o (1a, We can define {it^/^°} : 
5[/o^fc(lA,(/?) Su,k{l\,^), ■ Buo{lx,ip) Bu{l\,ip), and [vrf''^ ] : i?[;o(lA, 9?)" 

Ru{lx, if)"'. Using vr^ := tt^^^ o vr^" and Proposition p.26| (and its proof) we obtain 

Proposition 3.29 The composition 

converges for Re(A) < + {na — lip)/2 and has a meromorphic continuation to all of 
such that AS o TT^ o L = [tt^]. If 6 0, then it is in fact a holomorphic family of maps 
■kY ° L : i?{x}(lA, 95)0 Sjj{\\, if). If 6 = 0, then vr^ o L has at most first order poles in the set 

If I na—l^ , Itxt 

p"" H + iNo- 



3.6.28 Combining Proposition 3.29 with Lemma 3.23 we obtain 



Corollary 3.30 Assume that the cusp associated to U d P does not have full rank. Then for 
any ki < k the push-down tt^ : B^iy j.{lx, if ) — > Bijj^^{lx, if ) forms a meromorphic family of 
continuous maps with finite- dimensional singularities defined on {Re(A) < p^ + {ka — l^)/2}. 
It fits into the following commutative diagram 

S{i}^k(.^x,ip) S{i},fc(lA,9') ^ ^{i},fc(lA,V') 

i {vrf } i i 

Moreover we have a meromorphic family of maps vr^ : i?|i}(lA, </?) — > Bij{lx,^) with finite- 
dimensional singularities and defined on all of such that 

^ S|i}(1a,(/^) ^ i?{i}(lA,y') ^ %}(1a,V') ^ 



A ^ 

^ Su{lx,^) ^ 5{/(1a,</') ^ i?c/(lA,</') 



is commutative. 



3.7 Push-down for cusps of full rank and for general a 



3.7.1 In this subsection {a,Vcr) denotes a Weyl-invariant representation of M as in 2.3.4. 

Let C~°°{oop,V{ax, f)) C C~°°{dX,V{ax,^)) be the space of distributions which are sup- 
ported on oop. This space can be identified P[/-equivariantly with the tensor product of a 
generalized Verma module by 

such that {X(g>s(S>v) G {U{g)®u(^p)Va^_^^^)®V^ maps / G C'^{dX,V{d^x,'p)) to {s(^v){f{Xe)). 
We can further identify C~°°{oop,V{ax,(p)) with ii{i|((T_A, ^/S)*. 
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3.7.2 We now assume that the cusp associated to U C P has full rank. In this case is the 



Zariski closure of U^. The space {U{q) 'S>u(p) Vax+2 ) ®^<fi carries an algebraic representation of 



N. Therefore 

is finite-dimensional since the space of highest weight vectors of the g-module U{q) ^u(p) ^'^\+2p 
is finite-dimensional [ [Jan7S| ] . 

3. 7.3 Let £oop{(7, ip) denote the sheaf of holomorphic families fi, G ^ C~°°{oop, V{ay, (/?)). Since 
£oop (C) '■p) is torsion- free it is the space of sections of a unique holomorphic vector bundle 
Eoop{cr,ip) over a^. By Eoop{cr\,ip) we denote the fibre of Eoop{cr,ip) at A G a^. We will 
discuss this bundle in detail in Lemma |3.4(]| . 

3.7.4 We now define the function space Bi/{ax, ip) in the case of a cusp of full rank. 
Definition 3.31 We define Ru{ax,(p) := Eo^p{a^\,(p)* . Furthermore we set 

Bu{crx, (p) ■■= Suicrx, (p) Ruicrx, (p) ■ 

Let AS : Bu{ax,^) Ru{ax,'p) be the projection and L : Ri/{ax,^) — > Bu{ax,'p) be the 
inclusion. 

These families of spaces form trivial holomorphic bundles of Frechet and Montel spaces over 0^ . 
5.7.5 

Definition 3.32 We define 

[ext^] : Eoop{a-x.(p) ^ R{i^{d^x.(p)* 

as the natural inclusion. We define the push- down 

kf] : R{i}{crx,(p) Ruicrx, <P) 

to be the adjoint of [ext^] . Furthermore we define 

{7T^)i : C'^idX,V{ax,^)) ^ SuicTx,^) 

by '■= J2ueU '^'^^'^('^^(f\^) (convergence provided). Finally we set 

:= (vrf )i e [vrf] : C^{dX,V{ax,^)) - Bu{ax,^) • 

Note that [vr^] is a holomorphic family of surjective maps. Once and for all we fix a right-inverse 
[Q] of [vr^]. We leave it to the interested reader to show that the statements of Lemma 3.22| 
hold true for cusps of full rank as well. 
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3.7.6 

Lemma 3.33 The push-down (vr^)i : C°°{dX,V{lx, tp)) Su{l\,ip) converges for Re(A) < 
—lip/2 and has a meromorphic continuation to all of with finite- dimensional singularities. 



Proof. One checks that the corresponding parts of the proofs of Lemma 3.23 and Proposition 



3.26 apply to the case of cusps of full rank as well. 



□ 



3. 7. 7 Note that in Subsection 3^ we have considered the push-down in the spherical case a = 1. 
We now deal with the general case using the concept of twisting. We assume that U C P defines 



a cusp of smaller rank and consider a Weyl invariant a (see 2.3.4 ). We show the existence of a 
meromorphic family of push-down maps 



using twisting. We employ a finite-dimensional representation ('/ro-,;^, K-^,^) of G as in |2.3.3| . Note 
that 

is ^(0)-equivariant. Therefore we can make the following definition: 



Definition 3.34 If X ^ la, then using Lemma \3. 2^ , 4-, we define the push-down 



by the following coummutative diagram: 








C^{dX,V{ax,v)) 



z{\) 



C^{dX,V{lx+^,7T^,f,^^)) ^' C^{dX,V{lx+f,,7r^,f,^^)) 

Z(A) 



Bu{l 



3.7.8 It is clear that in the domain of convergence Re(A) <C this definition coincides with 
Definition 1.8. In order to see that vr^ extends to a meromorphic family note that admits a 



meromorphic family of left inverses (Lemma 3.22, 5.), and that we can express the push-down 



for a through the spherical push-down by o vr^ o . 

3.7.9 We claim that vr^ has finite-dimensional singularities. Note that given v ^ a* there 
exists A; E No such that the restriction of vr^ to S*!!} ^((T;^, y?) H Bs^i^{crx,^) converges for all 
Re(A) < u. The rank of the singularities of vr^ for Re(A) < is bounded by the codimension of 
S{i},k{'^\i^) l~l -S{l}(cr;^, in B^i^{ax,<-p) which is finite. This proves the claim. 
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3.7.10 The following corollary is a consequence of the discussion above and Corollary |3.3C . 

Corollary 3.35 Let U C P define a regular cusp and f be an admissible twist. Then the 
push-down is a meromorphic family of continuous maps vr^ : i?{i}(crA, Bij{ax,ip) with 

finite- dimensional singularities such that 

i {vrf } i TT^ I [vrf ] 

Su{(T\,ip) Bu{crx,(p) ^ Ru{(Jx,(p) 0. 

is commutative. 



3.8 Compatibility with embedding 

3.8.1 In this subsection we assume that G" belongs to the list 

{Spin{l, n), SO{l, n)o, SU{1, n), Sp{l, n)} . 
First assume that U <Z P defines a cusp of smaller rank. Then we have a commutative diagram 

In fact, commutativity is obvious in the domain of convergence. 

3.8.2 By the definition of the spaces y?), Lp) as the spaces of asymptotics 
of smooth sections and the fact that that i* maps smooth sections to smooth sections we obtain 
t/-equivariant maps 99)™ ^ v?)™, m E Nq. 

It follows from the naturality of the image bundle Lemma 2^ that we have a commutative 
diagram 

R{,^{xi+\^r ^ R{i}{ii_^,vr 

3.8.3 On the level of Schwartz spaces we have for all /c G Nq 

In order to see that i* and (initially defined on spaces of smooth sections) induce maps 
between Schwartz spaces one checks that these maps are bounded with respect to the norms 
\\.\\kd introduced in 3.2.5. Commutativity of the diagram is clear. 
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3.8.4 We now easily obtain the diagram 

I U,n+l I U,n 

i VT* J, vr* 

It gives Proposition 2.3 in the case of a pure cusp of lower rank. 

3.8.5 We now assume that U C -P" defines a cusp of full rank. We are going to construct a 
map i'lf : Bu{l^^^ , ip) —>■ Bu{l'^_^, ip) as the direct sum of 

{ih)i:Bu{ll'\ip)^Su{n,^) 

and 

ieu)2:Bu{lT\^)^RuilU'V^) ■ 
While is just the restriction of sections the definition of (i^)2 is more complicated. In 

order to verify its properties we need some results of Subsection |3.9| . 

3.8.6 In the following we discuss (^{/)2- This map comes as a meromorphic family and will 
essentially be fixed by the condition 

^,^'-oi* = i^ovr,^'"+i . (17) 



The details are as follows. 



3.8.7 Since -Eoop(1!!1a+C' (^^^ 3.7.3 for notation) is finite-dimensional it consists of distribu- 
tions of uniformly bounded order. Further, since these distributions are supported in oop we 
can choose /c G N be such that -Eoopll^^+^^j 'f) pairs trivially with the space S^iy k_2pjj{l'^_(^, 
for all fi in some compact neighbourhood of A. Thus we have an inclusion Eoop{l'^^_^_i^,(fi) C 
R^ij k{l^_^,ip)* (see Definition |3.15 for notation and use the dual of (^). 



Note that the target of (1^)2 is the dual of £'oop(1"a+C' '^)' define 

(i^)2:i?c/(ir\(^)-i?C/(lL^,^) 



by the condition that 



(0, i^u)2if)) = {iM,L o [Q] o ASif)) (18) 



for ah (A G ^oop(1'!a+C''^)' ^^^^^ ' C-^{dX^ ,V{11^^^, ^)) ^ C-°°{dX^+\V{r_\\ip)) is 
the natural inclusion adjoint to i* (see 2.2.41) , L is the split of (P), [Q] is defined in |3.4.9| , and 



AS{f) € ;,(1^, (/?). This formula defines (i^)2(/) for generic A € where [Q] is regular. 
The meromorphic family is given by 

{^u)2 ■■= iQ\Eoop{ll^+^,^) °Lo[Q]oAS . 
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3.8.8 

Lemma 3.36 The definition of {i^)2 is independent of the choice ofk, the split L and [Q]. 

Proof. Let L' o [Q'] o ^5" be defined with different choices (assume that k' > k). Let 
ffj. € Bij{l'^~^^ ,ip) be the germ of a holomorphic family near A, and consider a family (p^ G 
-E'oop(l"^+^, Then we have 

AS o 7r,^'"+i(L' o [Q'] o AS' if) - L o [Q] o AS{f)) 

[7r,^'"+i] o AS{L' o [Q'] o AS' if) -Lo[Q]o AS{f)) 



Cor. 3.30 



U,n+1 



]i[Q']oAS'{f)-[Q]oLoAS{f)) 



= AS'{f)-ASif) . 

We define (see Lemma p. 25 for {Q}) 

A := L'o[Q']oAS'if) + {Q}oLiAS'if)-AS{f)) 
- Lo[Q]o AS{f) . 

Then by construction we have 

7r^'^+\A) = 0. (19) 

Using results which we will prove (independently of the present stuff) in Subsection |3.9| we show 
that (i* ((/>), A) = 0. Proposition |3.5S| states an equality of two spaces defined in 3.9.14 and 
3X1^ : 

Extf/(r+S^) = i?f/(r+\(^) . 

On the one hand, 

is the space of evaluations at fi of holomorphic families of [/-invariant distributions. In particular 



IS 



we have «*((/'^) G Eii{l'^~^ ,(p). On the other hand, for generic /U the space Ext[/(l"j^ ,(p) 
contained in the annihilator of the kernel of vr^'"^^. Using ( |T9|) we obtain (z^,(0^), A^) = 0. 

By our choice of k we have {i*{4>^),g) = for every g € 5{i} fe_2p[7 (1^^^; v) ^'^^ M i^^ar A 
since g vanishes at oop with order larger than k. Note that L{AS' {f^)- AS{f^)) G S'(7,fc(l^+\ </:'). 
Since [Q] o L{AS'U^) - AS{f^)) G S|i},fe_2p^(i;j+i, ^) it follows that 

{i.W, {Q} o L{AS'{f^) - AS{f^))) = 
for generic ^ near A. Finally we conclude for these /x that 
(i,(0^),L'o[Q]'o^5'(^)) 
= (z.(<A^), L' o [Q'] o AS'{f^) + {Q] o L{AS'U^.) - AS{f^))) 
= (i.(</>^),Lo[Q]oA5(^)) . 
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□ 



3.8.9 



Lemma 3.37 The equality (12) holds true. 

Proof. Let / G v?). Then we have 

7r'^'''^\f-Lo[Q]oASo7r'^'^+\f) 

-{Q}(7r,^'"+'(/) - vrf'"+i oLo[Q]oASo vrf'"+H/)) = . 



(20) 



We have seen in the proof of Lemma |3.36 that annihilates the kernel of vr^'""'^^ (for generic 

A, where all the maps are regular). We combine this fact with (|20| ) in order to derive Equality 



(21) below. For all (p G E'oop(l";^+^, i^) we have 



'), AS o i\j OTT'. 



U,n+1 



(/)) 



def 



M,n+li 



[ib)2°n"" if)) 
{i,{4>),Lo[Q]oASo7T^^^+\f)) 

(i,(<^),Lo[Q]oASovr,^'"+i(/)) 



+{Q}(vrf'"+^(/)-vr^: 



U,n+1 



Lo[Q]oASo7r^^^+\f))) 



= (iMJ) 
= {^,i*{f)) 

= (,/.,K^'-]oASor(/)) . 

Since clearly {vr^'"} o i* = o {vr^'""''"'^} we conclude the required indentity (^) 



(21) 



□ 



3.8.10 Let us combine the results of the present subsection into one statement. Let now U C P" 
define a cusp of arbitrary rank. Note that (i^)2 and therefore may have poles in the case of 



a cusp of full rank. The following Proposition settles Proposition 2.3 in the case of pure cusps. 



Proposition 3.38 We have the following commutative diagram (to he understood as an identity 
of meromorphic families if ijj has poles) 



C7~(ax,y(i^+\(^)) ^ c-(ax«,F(i^^,v.)) 

i^.^'" . (22) 

Bu{lT\^) ^ Bu{ll^^,^) 
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3.9 Extension and restriction 

3.9.1 In the present subsection we assume for simplicity that the twist ip is normahzed such 



that ah its highest A- weights are zero. This differs from the convention adopted in 3.3.2. Our 



present convention has the effect that the dual (p has the normalization adopted in p.3.2 
Let be the highest weight of if, i.e. := l^^. 

3.9.2 The space C~°°{oop^V{a\,ip)) carries an action vr""^''^ of PuA. Using the isomorphism 
of Pc/A-modules 

C— (OOP, V{ax, v)) = {U{q) (^a(p) V.,^J 
and of Af{/ ^-modules (compare |3.3.4 ) 

given by the PBW-theorem we see that A acts semisimply. 

Let C~°°(oop, y(cr, v?))" denote the subspace on which A acts with weight —A — p — na. 
Then we have 

C-^{^P,V{o^MT = iR{i}ia^x,P>rr . 

3.9.3 Since the action of Pjj is algebraic and U C Pu is Zariski dense we have 

^C-~(oop, V{ax, = ^^C-~(oop, V{ax, ^)) ■ 

Since A normalizes Pu we conclude that '-^ C~'^{oop,V{a\, ip)) is an yl-invariant subspace. In 
particular, we obtain a decomposition 



^C— (OOP, V{ax, ^)) = ^C— (OOP, Viax, = ""{Rmi^^x, ^TT 



n=0 n=0 

U I 



3.9.4 Let Soapier, Lp)" be the sheaf of holomorphic families fi, G (ii|i}.((T_^, (^)")*. This sheaf 
is torsion-free, and it is therefore the sheaf of holomorphic sections of a holomorphic vector 
bundle Eoop{cr,ipY^ . By Eoop{(Tx, fY^ we denote its fibre at A. For each n G No we define the 
space Q(cr\, 93)" by the exact sequence 

^ Eoop{ax,^r ^ ^{R{i}{^^x,m* ^ Qoop{<Tx,^r ^ . 

Furthermore let Eoop{ax,(p) ■= 0.^=o ^oop(o-A, V?)" and Qoop{c^x,^) ■= ®'^=oQoop{(Tx,^T- 

Definition 3.39 We call the elements of Eoop{(Tx,ip)'^ deformahle. An element of 
^(ii|i}((T_A, <^)'^)* is called undeformable, if it represents a nontrivial class in Qoop(ca, 9?)"- 
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3.9.5 Let t C m be a Cartan subalgebra of m. Then f) := t© o is a Cartan subalgebra of g. 
By A+(3, f)) we denote a positive root system which is compatible with the orientation of o. By 
A+(m, f)) C A+(g, f)) we denote the subsystem of roots of m. For each it G M we define 

a* 3 d{a) := -p + max{^^^ | e G A+(0, f)) \ A+(m, t,)}a , (23) 

where //^ is the highest weight of a, and (., .) is any Weyl-invariant scalar product on f). There 
is a natural action of PjjA on the space Pol(A^, V^™^ ^ V^) of polynomials on N with values in 
Va-^^ (g) (compare |3.3.6| ) given by 

{man.f){x) = (cr"';^ ® ip){man)f{{n~^x)'^'^"-'^), m G Mu,a ^ A,n^ Ny ■ 

3.9.6 

Lemma 3.40 1. There is a holomorphic family of A-equivariant maps 

h ■■ E^^{ax,ip)^ ^^Pol(iV,K», . 

2. //Re(A) > d{a) or X ^ la, then j\ is an isomorphism and Qoopi^^Xi f) = 0. 

Proof. 
3.9.7 Let 



be the unnormalized Knapp-Stein intertwining operator (compare p3O0C ], Sec. 5, (15)). In 
order to fix the convent 
given for Re ( A) < by 



order to fix the conventions we recall its definition. The restriction of to smooth sections is 



iJx)fi9) = / fi9wn)dn . 

JN 

For the rest of parameters it is defined by meromorphic continuation, and it extends by continuity 
to distributions. 
3.9.8 By 

JA : C-^{^P,V{ax)) ^ Pol(Af,T4^J 

we denote the off-diagonal part of the Knapp-Stein intertwining operator. Here we identify 
Pol(iV, K^^) with a subspace of C'^{^p,V{a'^^)) such that p G Pol(iV, K^^'^) corresponds to 
fp G C7-(0p, F((J-J) with fp{xw) = p{x). 

The off-diagonal part of maps to polynomials since it is P-equivariant and the elements 
of C~^{oop,V{ax)) are P-finite. Alternatively, using the identification 

C-°^{ocp, V{ax)) = U{q) ^u(p) , 
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we can write 

where 1^ € Pol(A^, Va^^ ) is the constant polynomial with value v S V^™^ • 

3.9.9 The map jx is in fact g-equi variant, where the action vr'^-^ of g on Pol(A^, Va"^^) is induced 
by the embedding Pol{N,Vf^^^) C C'^{Qp,V{a'^^)). Therefore ker(j\) is a g-submodule of the 
Verma module U{g) ^uip) ^cr\+2p- |Ja-n79|] , Satz 1.17, this Verma module is irreducible for 
Re(A) > d{a). If A la, then j\ is injective by | BO00(| , Lemma 6.7. 

3.9.10 Since 

dimPol(iV,K»J" = dimC-°°(cx)p,y(aA)r = dim(Z^(tl) ® KJ" , 

we conclude that j\ is in fact an isomorphism. After tensoring with and taking ?7-invariants 
we obtain an isomorphism 

jx : ^(i?{i}(a_A,'^)")* = ^^Pol(iV,K»^ V^r ■ 

Since j\ and its inverse depend holomorphically on A we have 

^^Pol(iV, K^-^ V^r = Eoop{c7x, ifT 

for A € with Re(A) > d{a) or A ^ /q. This proves the lemma. □ 



3.9.11 Recall the definition of the function spaces Bu^j,{d_\,ip) given in 3.21 



Definition 3.41 We define Dijk{a\,if) to be the dual space to Bu^k(d-\,(p). Furthermore let 
Du{cr\, if) := UfceNo Du,k{<y\, 

As a consequence of the corresponding properties of the family of function spaces the family of 
spaces Dc/,fc(cJA, (/?), A G o^, forms local trivial holomorphic bundles of dual Frechet spaces. Fur- 
thermore, the spaces Du{a\, (/?) are Montel and form a direct limit of locally trivial holomorphic 
bundles. 



3.9.12 Recall the definition of the push-down Definition 1.8. Its meromorphic continuation 
was finally established in Corollary p. 35 . 



Definition 3.42 We define the extension map 

ext^ : Du{crx,^) D{iy{ax,(p) 

as the adjoint of the push- down 

T^* ■ ^{i}(o--A,<^) Bu{a-x,<f>) 
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It follows from the corresponding properties of the push-down that the extension maps form a 
meromorphic family of continuous maps with finite-dimensional singularities. 
3.9.13 In the remainder of the present subsection we discuss the case a = 1. Assume that the 
cusp associated to U C P has lower rank. For A: e No and Re(A) > — -|- {l^p — ka)/2 such that 

: -^{1} fc(l_A, 'f) Bu^kCi^-x, (p) 
is regular (compare Corollary |3.3C1| ) we also have a map 

defined as the adjoint vr^. If ki > k, then ext^ : Du^ki^\,f) — > -^^{i},A;i (1a, 9?) is a meromorphic 
family of continuous maps with finite-dimensional singularities defined for Re(A) > —p'^ + {l^ — 
ka)/2. 
3.9.14 

Definition 3.43 We define 

Extu{lx,(p) C D{i}{lx,ip) 

to be the subspace of all f € D^ij{lx,(p) of the form ext^{h)x, where € Du{lf^,ip) is a 
meromorphic family defined near A such that fi i— > ext^(/i)^ is regular at fj, = \. In a similar 
manner we define Extu^ti^x^^) to by requiring in addition that € L'[/^fc(l^, (^). 

The subspaces Extu,k{^x,v) C Extu{lx,^) are defined for Re(A) > —p^ + {l^ — ka)/2. The 
space Extu{lx, plays the role of the range of the extension. 
3.9.15 It is clear that 

Extuilx,^) C^D{,y{lx,^) . 

In order to describe to which extent the space D^ij{lx,(p) is exhausted by Extu{lx,y^) we 
define Qu{lx,^) to be the following quotient: 

^ Extuilx, ^ ^^{i}(1a, ^ Qu{lx, ^) ^ . 

The elements in the space Qc/(1a, V') turn out to be somewhat uncontrollable. We therefore take 
much effort to show that this space is trivial under certain conditions. 



3.9.16 We now define the space of deformable [/-invariant distributions (compare Def. 3.39 for 
a similar definition with an additional support condition). 

Definition 3.44 We define the subspace 

i?C7(lA,¥^) C^I){1}(1a,(/^) 

as the space of evaluations of germs at A of holomorphic families fy G ^-D|i}.(l,/, if). In a similar 
manner we define Ejj^ki'^x,^) C ^Z){i} ^(Ia, O'S the subspace of evaluations of families with 



the additional property that fy G Di^i-^ j^{ly,^p) 
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3.9.17 We define the space Qi/{lx,ip) as the quotient 

Definition 3.45 An element of^D^iy{lx,ip) which represents a non-trivial class in Qu{lx,^) 
is called undeformable. 

(compare Definition 3.39| ). 



3.9.18 It follows immediately from the definitions that 

Extu{l\,^) C Eu{lx,f) ■ 

Hence we have a surjection 

Qui'^x,^) Oc/(1a,V') ■ 
One of the goals of the present subsection is to show that 

Extuilx,^) = Eu{lx,^) ■ 

Furthermore, we want to show that for many (generic) A G every element of D^ij{lx, if) is 
deformable, i.e. Qi/{lx,^) — 0. The results are stated in Proposition 3.58| . 



3.9.19 Now we come to the definition of a left-inverse of ext^ : the restriction map res^ . We 
fix /c € No . Recall the construction of the meromorphic family of right-inverses of [vr^] 

[Q] : Ru,k{'^\,'f) R{i},k{^X,'f) 



from 3.4.9 . Let ki G No be such that kia < ka — 2pij, and let 

{Q} ■■ Su,k{lx,^) 5'{i}^fcj(lA,(^) 



be as in Lemma 3.25 . We define a meromorphic family of maps 

Q ■■ -B{7,fe(lA, If) 5{l},fci (1a, 'f) 

by 

Q{h) := {Q} {h-TrH oLo[Q]o AS{h)) + L o [Q] o AS{h) 
Then one easily checks that vr^ o Q is just the inclusion i?^jt(lA, (p) — > Bij^k^{lx, (p). 
Definition 3.46 We define the meromorphic family of restriction maps 

res^ : Djij^fc^ (1a, v?) ^ Du^k{'^x,'p) 

as the adjoint ofQ. 

Note that res^ depends on choices (we do not indicate these choices in the notation for the 
restriction map). In particular, these maps are not compatible if we change k and ki. 
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3.9.20 Note that the composition res^ o ext^ coincides with the inclusion 



Recall the Definition 3.42 oi Extu^k^i^XT'-p)- 



IS 



Lemma 3.47 Let k,ki G Nq and A G 6e such that res : D^iy f,_^{lx,f) Du^ki^Xif) 
defined. Furthermore we assume that ir^ : B^iy{l^x, 'f) Bij{l-x, 'f) is regular. Then the 
restriction of res^ to Extij^k^{\x,f) is independent of choices. 

Proof. This follows from res^ o ext^ (f) = f and the fact that ext^ is regular at A. □ 



3.9.21 Assume that A G is such that 

tt'^ :B{l^x,^)^Bu{l-x,^) 

and 

[Q]:Ru{i-x,'pr^R{i}{i-x,^r 

are regular for all n G No- We call A G satisfying these conditions admissible. 

3.9.22 Note that R^ij{l-Xi 'f)* is the space of those distribution sections of V{lx,^) that are 
supported at the point oop. We define 

Extoop{lx,^) ■= ^{i}(l-A,'^)* n Extu{lx,^) ■ 



Recall the definition 3.9. 15| of the space Qu{lx,f). The point of the following lemma is that 



every element of Qu{lx,^) can be represented by an invariant distribution supported in oop. 
Note that 

[ext^] : Ru{l-x,^r ^ %i}(1_a,'^)* 

generates a subspace of Extoop{lx, f), where [ext^] is the restriction of ext'^ to Ru{l-x, 'p)*, or 
equivalently, the adjoint of [vr^] (see Def. 3.20| ). 



Lemma 3.48 1. The family of maps [ext ] generates all of Extoop{lx,'p)- 



2. If \ ^ 0^ is admissible in the sense of \3. 9.2f\ , then there is an exact sequence 
^ Extoopilx, ^ ^R{i}il-x, P>T ^ Quilx, ^)^0 
of semisimple A-modules. 
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Proof. Recall that 

neNo 

is a weight-decomposition of the ^-module. Moreover, we have 

[exf] : iRuil-x,m* ^ {R{i}il-x,f>rr ■ 

If / G Extoop{lx, is represented by ext^ (h) for some meromorphic family /i^ G Du{l^, if), 
then {res^}{ext^(/i)} = {h} vanishes at A, where {h} denotes the restriction of h to 5{i}(1_a, <^), 
and {res^} := {Q}*. Therefore all non-positive Laurent-coefficients of the expansion of h at 
A belong to Ruil-Xj^p)*- Thus we can choose the family h such that h/j, G i?(7(l_^, (^)*, and 
such that [ext^]{h)x = /• This shows that [ext^] generates Extoopi^x^v), and that A acts 
semisimply on Extoopi^Xi'P)- 

3.9.23 It remains to show that any element of Qu{'\-x-,v) can be represented by some element 
of ^i?{i}(l_A,<^)*. Let / G ^L>{i}(lA,<y3). Then there is A; G No such that / G ^ D^^^kO-x,^)- 
We choose k\ such that 

{res^} : S{^^i,{l^x,'f>y ^ ^.fcill-A, <^)* 
is defined. We then put h := {res^}{f}. Let 

T : SuMi^-x^'fT ^ Duilx,v) 

be the split induced by the dual split L. We form / — ezt^ o T{h). This difference represents 
the same element in Qu{lx,ip) as /, but its restriction to 5{i}.(1_a, vanishes. Indeed, for g 
in 5{i}.(l_A, If) we have 

{ext^ o T{h), g) = (/, {Q} o {Tr^}{g)) = (/, g) . 

□ 

3.9.24 

Proposition 3.49 Let n>0. // A G a* is sufficiently large, then the inclusion 

Ext^piix,ipr-^''{Rii}{i-x,^rr 

is an isomorphism. 
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Proof. If U defines a cusp of full rank, then the proposition is a direct consequence of Lemma 
p.40| and the definition of [exf^] (Definition 3.32| ) . Thus we may and will assume in the following 



that U defines a cusp of smaller rank. Note that both spaces appearing in the proposition are 
finite-dimensional. The proposition is an immediate consequence of the following lemma. 

Lemma 3.50 //A G a* is sufficiently large, then we have the inequality 

dimExtoopax,vr > dim^(i?|i|(l_A,'^)")* • 



Proof. By Lemma 3.40| ,2, if A E o* is sufficiently large we have dim^(i?{x}(l-A) '^)"')* 



dim^i^PoKA^, Vi_^ (g) F^)", where the action of APu on a polynomial is given by 

(p/)(n) := . 
The degree-n subspace of the polynomial maps is characterized by 

a/ = a-«/, a€A. (24) 

We now consider 

which is regular for Re(A) sufficiently large. Its adjoint is 

[ext^] : {Ru{l-x,^)T ^ Exto,A^x,^r , 
and we have dimim[7r^] = dimim[erEt^]. 

3.9.25 Therefore, Lemma 3.50| follows directly from the following lemma. 



Lemma 3.51 If X £ a* is sufficiently large, then we have 

dimim[7r^] > dim^f'Pol(A^, ® F^)" . 

Proof. Let (., .) be some non-degenerate invariant bilinear form on q. We define the linear 
subspace 

:= {Y en\ {[Y,H],X) =0 yX env} (25) 

and the submanifold iV^ := exp(n^) C N. We furthermore choose a Cartan involution ^ of g 
compatible with a. 

Lemma 3.52 1. The submanifold is AMjj -invariant. 

2. The multiplication map Ny x N is a diffeomorphism, where Ny '■= Ny. 
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3. The composition 



N 



is an AMjj-equivariant polynomial map. 

Proof. The subspace is ^M[/-invariant since ny is ^M{/-invariant. The first assertion now 
follows from the AM^z-equi variance of the exponential map 

By the ^-invariance of iV^, Ny and the equivariance of the multiplication, it suffices to show 
that the multiplication map is a diffeomorphism near (1,1). Infinitesimally it is given by the 

of the domain and the target coincide, and ny H 
The last assertion follows from the diagram 

9 _ _[/ 



map ny X n*^ — > n, {Yy, Y^) Yy + Y'^ . This map is an isomorphism. In fact, the dimensions 

{0}. 



ny X n 



exp 



N- 



mult 



(exp, exp) 



A^y X iV 



u 



pr 



-n^ 

exp 



and the fact that q is an AM^-equivariant polynomial map with a polynomial inverse. 



□ 



3.9.26 Note that NyAMu acts on Po\{N , Vi_^ ® V^) by 

nyamf{n) = ip{am)f{{ny^nY"'"'^ ^) . 

We now consider the space 

/(A)" := ^^^^cPol(iV, Vi_^ (g> V^Y C Pol(iV, Vi_^ ® V^Y , 
where the degree re-subspace is distinguished by the condition 

af = a^'^f. (26) 

We have a degree-preserving inclusion 

I(A)---i?i(l_A,<^)" . 

Furthermore, it follows from Lemma 3.52 that the restriction to induces an isomorphism 

/(A)"^A%Pol(iV^,l_;,®F^)" . 

Lemma p. 51 now follows from the following two assertions. 
Lemma 3.53 dim/(A)" = dim^^^Po^A^, Vi_^ ® V^Y 

Lemma 3.54 // A G a* is sufficiently large, then the restriction of [tt^] to /(A)" is injective. 
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3.9.27 We first show Lemma We define iV^ := {N'^f C N. Tlien we have an A- 

equivariant diffeomorphism Ny x N, and the projection N Ny x ^ A^^ is an 

^M[/-equi variant polynomial map. These facts follow from Lemma 3.52| by an application of 



the Cartan involution 0. We conclude that the restriction to induces an isomorphism 



^^Pol(iV, Vi_^ ® V^Y ^ *^^Pol(A^^, Vi_^ ® V, 



n 



Note that there is a canonical ylM[/-equivariant isomorphism between 5'((n^)*) ® and 
Pol(A^^, Vi_^ ® Vip). Here stands for the symmetric algebra. Similarly, we have 

®V^^ Pol(iV^, ® V^) . 

The natural pairing between and := (n^)^ via the G- invariant form (., .) induces a 
nondegenerate pairing between the two symmetric algebras above. We conclude that the spaces 
^^^^PoKA^'^, Vi_^ (g) V^Y and ^^^Pol(iV^, Vi_^ ® Vg,^ = are each others duals (the pairing 



is degree-preserving in view of the characterizations (p^) and (P6[)). Lemma 3.53 now follows. 
3.9.28 We now start with the proof of Lemma 3.54| . First of all note that the push-down (see 
Def. ^) 



[^,^] : I{\T - Ru{l-x, 'pT C Au{1-x, 'pT 
is given by a convergent integral 



K](/)(n) = / ^invr'fin{nvn))a{nvn)-^~'dnv , n G iV \ {1} . 
JNv 

Here we have employed again the Bruhat decomposition g = n{g)m{g)a{g)n(g). The vector 
space has a filtration induced by the action of A that is preserved by MuNy. The induced 
action of Ny on the associated graded vector space Gr(y^) is trivial. The filtration of induces 
filtrations on /(A)" and ^[/(1_a, '^)". From the integral representation of [vr^] we see that that 
this map preserves the filtrations and induces a map Gr[7r^] : Gr/(A)" GiAjj^l^Xj 'p)'^ ■ Since 
injectivity of the associated graded map implies injectivity of a filtration preserving map, Lemma 



3.54 is a consequence of 

Lemma 3.55 // A € a* is sufficiently large, then 

Gr[7rf] :Gr/(Ar^GrAt/(l_A,<^y 



is injective. 
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3.9.29 Note that 



Gr[7r,^](/)(n) = / f{n{nvn))a{nvn)-^-'dnv ,n G 7V\{1} 



We define 



cx{n) := Gr[7rf ](l)(n) = / a{nvny^~Pdnv ,n G iV \ {1} . 

Jnv 

We will show the following lemma. 

Lemma 3.56 For nP G \ exp(n_2a) we have 

c\{n'^) 

3.9.30 Let us first show that Lemma 0.56| implies |3.55 . The natural identification Vi_^ = C 
induces identifications Pol(7V^, 1_a ® V^Y ^ Pol{N^ , F^)" for ah A. 

Note that n'^ fl fi_Q is non-trivial. Otherwise we would have ny fl riQ, = xXa and therefore 
xiv = n, i.e., U would define a cusp of full rank. Hence we can choose a finite sequence of base 
points nf G N'^ \ exp(fi_2a) and vectors Vi G V^, i = I, . . . ,r := dim*^'^Pol(iV'^, F^)" such that 
the following map is an isomorphism: 

$ : ^-^^PoKiV^, V^r ^C\f^ {{viJinY)), {vr, f{v^.))) . 

We now consider the composition 

A{X) := $ o —Gi[tt^] o : C" ^ C" . 
c\ 

Lemma [3.56 implies that 

^(A) = i + 0([A|-i) . 

Li particular, A is injective, if A G a is sufficiently large. This implies the assertion of Lemma 



3.55 



3.9.31 We now show Lemma |3.56| . Fix nF G \ exp(n_2a). We set 

^{nv) ■■= \oga{nvn^) , g{nv) := f{n{nvn^)) 

Then we can write 

f{n{nvn^))a{nvn^)~^-''dnv = f e^-^-^'^'^^"'''' g{nv)dnv . 
Nv Jnv 



Lemma 3.57 The function ^{ny) has a unique non- degenerate absolute minimum ^(1) = at 
nv = 1. Furthermore, there exists a compact neighbourhood K C Ny ofl such that a(^'(ny)) > 
1 for ny K. 
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We first show that Lemma 3.57 imphes 3.56 . We spht the integral as f^^ — Ik^ Inv\K' ^o^e 
that n{NynF) C iV is a pre-compact subset. It follows that g is smooth and uniformly bounded. 
We approximate the first summand by a Gaussian integral at the minimum of ^ and get 

i(-^-^)(*("^))5(ny)(inv = / e(-^-'')('^("^))dnv (5(0) +0(A-i)) . 

K Jk 

Furthermore, Jj^e^~''*'^^^^'^^^^^^dnv decreases at most as [^[- ciimAft//2_ -^Ve claim that the con- 
tributions Jj\f^^\x decrease exponentially so that these parts of the integrals can only contribute 
exponentially small error terms. This claim implies Lemma 3.56 . 
In order to see the claim we write 



dnv = min e 



(-\+a){^(nv)) 



lNv\K 

The integral on the right-hand side converges, and 



,(-a-p)(<I'(nv)) 



dnv ■ 



Nv\K 



min e^-^+^K'^M) < ^-clA] 

nveNv\K 



for a suitable constant c > 0. This finishes the proof of Lemma 3.56 under the assumption of 
Lemma [3.57 . 



3.9.32 We now show Lemma 3.57 . In order to compute a{nvn'^) we may assume that G is the 
subgroup of GL{n + 1,F) that preserves the F- valued Hermitian scalar product 



VoWn + VnWo + ViWi H h Vn-lWn-1 

on the right F- vector space F"+^. We choose 



r/ 



A := < 







\ 



l„-lxn-l 











,-1 



a G 



and get 



11 w p — 
N := } 1 -w* 

\o 1 



w e F""^ ,p G imF 



(27) 



The parametrization of N given here is via the exponential map, if we identify n = tXa n2a 
F"~^©ImF. Furthermore, 



r / 



N 



1 





1 

V 1 



V G F"~^ ,qe ImF 



3 PURE CUSPS 



73 



Since they are A-invariant, the subspaces ny C n and C n are given in this identification 
as W ® P C n and F © Q C fi for real subspaces W,V C F"~-^ and P,Q C ImF. We consider 
the invariant form {A, B) := YieTxAB on g. Given W (B P, the space y © Q is characterized by 
(ad(y (S)W){H),W ®H) = Q (see (|2|)). Explicitly, 



H 



/ 1 \ 

0-1 



, {a.d{v + q){H),w +p) = -2Re{wv^ + qp) 



Therefore we have 

V = W^ ,Q = P^ (28) 

with respect to the natural euclidean pairings on F"^^ and ImF. The vector eo := (1, ... ,0) G 
F"+^ is the highest weight vector of the standard representation of G with weight a. Similarly, 
Cn := (0, . . . , 0, 1) is the lowest weight vector with weight —a. Let g = nman G NMAN. If (., .) 
denotes the F- valued scalar product (^), then 

{geo,en) = {fhaneo,en) = {maneo,n~^en) = a"(meo,en) . 

The subspace eoF = F is invariant under the group M. In particular, we have a homomorphism 
f? : M ^ F* such that meo = e()i){m). It now follows that (meo, e^) = '&{m). Since M is compact, 
we have |jt?(m)|| = 1 and therefore a" = IK^cq, e„)||. If we parametrize {w,p) = ny G Ny and 
{v, q) = £ as above, then we get 

ainvn^f'^ = \\1 - wv' + {p - M^)(g - . (29) 

We fix {v,q) G V ®Q with v ^ 0. We must show that the right-hand side has a unique absolute 
minimum 1 at {w,p) = (0,0), and that this minimum is non-degenerate. Using ( p8|) we get 

-t . / ll'wiP, , _ l|f iPlltt'P 



Re{l - wv' + {p - ^){q - ^)) = 1+ ^ 

X /-, / ll'ii'lpN/ II^IPnn -f \\M? II^IP 

lm{l-wv +{p ^)) = pq-wv —q —p 



First of all, a{nvn ) > 1 and a(l) = 1. Moreover, if a{nvn ) = 1, then w = Since 

H II 2 

Re(pgp) = Reg||p|p) = we have pq _L -^i^p. Hence, the equality a(nyn^) = 1 implies in 
addition to w = Q that also p = 0. We thus have shown that a(nyn^)^" takes its unique 
absolute minimum at 1. Next we show that it is non-degenerate. The Hessian h{p,w) is the 



part of the polynomial (29) which is quadratic in {w,p). It can be written as 



\v 



|2 ||„,||2 



h{w,p) := \\w\\ — h \\p{q — ) — wv 



1 1|2 
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2 



0. 



If h{w,p) = 0, then from the first summand and v ^ we get w = and p{q 

II ||2 

Since {q — -^^^) 7^ we conclude that p = 0. The last assertion of Lemma |3.57| follows from 

00, which is easy to check using the explicit formula (29). This finishes 



lim, 



nv^oo 



a{nvn' 



U\2a 



the proof of Lemma 3.57| . 



We now have also finished the proof of Proposition 3.49. 



□ 



3.9.33 



Proposition 3.58 1. We have Extu{lx,f) = Eu{lx,<f) for all A G a^. 

2. IfX^ la or Re(A) > -p, then Qu{lx, f) = 0. 
Proof. 



3.9.34 As in3.9.4 let £oop{^, V')" be the torsion-free coherent sheaf on of holomorphic families 
of [/-invariant distributions supported on oop, on which A acts by multiplication by the function 
A 1-^ a^~P~"'°'. By £xtaop{l,ip)"' we denote the subsheaf generated by the restriction of [ext^] 
to the homogeneous part (^)")*. 

The space Extoopi^x, 9?)"" is the geometric fibre of Sxtoopi^, V')" ^or the generic set of A G 0^, 
where [ext^] is regular. 

3.9.35 The sheaf £^oop(l) v)" is the sheaf of sections of a finite-dimensional trivial holomorphic 
vector bundle Eoop{l,ip)^ — > a^. The torsion-free subsheaf £xtoop{l, f)"^ corresponds to a 
bundle Extoop(l, V')"- 

This discussion shows the following: if the inclusion Extoop{l\, f)^ ^ Eoop{l\, f)^ is sur- 
jective at one point A G a^, then it is surjective for generic A, i.e. outside a discrete set. 



However, we know from Proposition 3.49 that this inclusion is surjective for many A, hence it is 
so generically. 



3.9.36 In view of Lemma 3.48, 2. we have 



E^p{l^,^T/Ext^p{l^,^Y^keT{Qu{lx^vT ^Qoop{lx.vT) • (30) 
By p. 9. 35 the quotient on the left hand side is trivial generically. The same is true for QoopO-x-, v)^ 



by Lemma 3.40. We conclude that Qu{l\,(p)"' is trivial outside a discrete set. 
3.9.37 We now prove the first assertion of Prop. p.58| . We know that Extu{lx, ^) C Eu{\\, Lp). 
Let now / G Ejj{\\, if) be given as the value at A of a meromorphic family G ^-D|i}.^fc(l^, ip) 
for some sufficiently large k. Let res^ be the meromorphic family of continuous maps res^ : 
^Z){i} fc(l^, (/?) :— 5- Df/^fci (l/x, 95) for suitable fci G N (see Definition |3.46| ). By 3.9.3(: for generic 
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we can write = ext^g^ for some € Dij^j^{l^,Lp). We conclude ext^ o res^{f^) = 
ext^ o res^ o ext^ {g^) = ext^ [g^) = by Lemma |3.47| . Thus 

ext^ o res^if^) = for all . (31) 

We conclude that / S Extu{l\,ip). 

3.9.38 We now turn to the second assertion. The first assertion implies that the left hand side 
of (|30[) is trivial for all A. Therefore the map Qu{^\,'^)^ Qoop{^\,f)"' is always injective. 
We now apply Lemma 3.4C| . □ 



3.9.39 The argument that proofs Equation ( ^T|) also shows the following. 
Lemma 3.59 The composition ext^ o res^ is the identity on Extu{l\,ip). 

3.10 The scattering matrix 



3.10.1 Recall that the family of intertwining operators (see |3.9.7 for the unnormalized version 



and [ |BO00| for normalizations) forms a meromorphic family of operators. It therefore maps 
(holomorphic) families of invariant sections to (meromorphic) families. It follows that J\ maps 
Eu{l\,Lp) to Eu{\^x,ip) if A G is such that J\ is regular (e.g. A ^ /„, see 1.5.16| ). By 



Proposition |3.58| we get a mapping 

Ja : Extuilx, ^) ^ Extu{l-x. ^) ■ (32) 
Moreover, for given /c G No we have 

Ja : Extu,k{'^x,ip) Extu,kA'^-x,^) 

if ki G No is sufficiently large. 

3.10.2 We can now define the scattering matrix 

S'i ■.Du{lx,^)^Du{l-x,^) . 
Fix G No and a compact subset W <Z a* . Then we choose ko > k and ki , k2 such that 

Ja : Extu,koi'^x,v) Extu,kiil-x,v) 
for generic A (e.g. non-integral) with Re(A) G W and 

res^ : Djij^fc^ (1a, </?) ^ Du,k2{'^\,'P) 
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is defined (Definition |3.46| ) as a meromorphic family on W. Tlien we consider the composition 

■= res^ o Jxo ext^ : Djj^k{^x,v) ^ Du^kii'^-x^^p) ■ 
By definition is a meromorpliic family of continuous maps. Since 

Jx o exf : Du{lx, p) ^ Extu{l^x, p) 



Lemma p.47 now implies that is well-defined independently of the choices made for res^ . 



3.10.3 Letting k tend to infinity and W run over a sequence of compact subsets exhausting a* 
we are arrive at the following definition. 

Definition 3.60 We define the scattering matrix as the meromorphic family of continuous maps 

S'i ■.Du{lx,^)^Du{l-x,^) , 
which is given by the composition 

S^if) :=res^o J;,oext^(/) 
whenever the constituents are regular. 



3.10.4 If —A is admissible in the sense of 3.9.2l| (with (f replaced by (f), then the push-down 

7T^ ■.B^^y{lx,^)^Bu{lx,'p) 

is regular and admits a right-inverse. Hence it induces an isomorphism 

Bu{lx,'p) = B{,y{lx,ip)/ker7r^ . 
If A ^ la, then Jx is regular. We claim that it maps kervr^ to the kernel of tttt at —A. Let 



/ G kervr^ and G Dij{lx,ip). By (32) there is an -i/; € Du{l^x,^) such that Jx o ext'^ {(p) = 
ext^itP). We find 

(vr,^ o Jxif), 0) = (/, Jx o ext^icp) = (/, ext^i^P)) = (vrf (/), V') = . 

The claim follows. Therefore, if itA is admissible and non-integral, then the operator Jx descends 
to a map 

S'^ : Builx,^)^ Buil-x,^) ■ (33) 

On the other hand, we have a meromorphic family of maps given by the adjoint of the scattering 
matrix 

'S^ ■.Bu{lx,'p)^Bu{l-x,^) . 
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Lemma 3.61 If is non-integral and admissible, then we have = ^S^. 

Proof. Recall from Lemma [3. 59 that ext'^ ores'-' is the identity on Extu{i-x, f)- For non-integral 
A we have Extu{l-x, ^p) = '^C-°°((9X, y(l_A, v)) by Proposition |]5|, 2. 

The assumptions on A imply that 5^ is defined, that vr^ : i3|x}(lA,'^) — > Bu{^\^'^): exi^ : 
Du{l\,^) -D{i}(1a,(/'), and Ja are regular. Let / G Bu{l\,(p) be given by vr^(F), F £ 
B^iy{lx, ^p)- Furthermore let cj) G D(/(1a, p)- Then we compute 

{S^if),^) = (vr,^oJ,(F),0) 
= {F,Jxoext^{^)) 
= {F, ext^ o res^ o Ja o ext^(0)) 

= (*5a^(/),'A) . 

□ 



3.10.5 Note that the normalization of (p in the present subsection differs from that in |3.3.2| , 
since we want (p to be normalized as required there. As a consquence the space Ru{\x,p) 
contains summands with negative index. If we put k^p := l^p/a^ then we have 

oo 

Ru{lx,p)= n Ru{Ix,pT , Bu{lx,p)= fl Bu,k{lx,p) ■ 

3.10.6 

Lemma 3.62 Assume that U defines a cusp of smaller rank. If < 2p^, then there is a 
natural non- degenerate pairing between Bu^^k^iXx-, p) and Bufi{l^x, p) given by integration over 
Bjj. We obtain an inclusion 

Bu{lx,p) C Bu-k^{lx,p) ^Du{lx,p) ■ 

Proof. 

3.10.7 Let / G Bu^^k^i^x, p) and (j) £ -B[/^o(l-A) p)- Let W <Z N \ Ny be any compact subset. 
Then there exists a constant C G M such that for all ^ G Vl^ and a G we have 

\{f{ew)A{ew))\ = ma)p{a)-^f{ew)A{ew))\ 
= \{p{ar^f{ew),p{ar^cp{ew))\ 

< C7||/||_. ,ol|0l|o,oa'^-^^" (34) 



(see 3.5 for the definition of the norms). 
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3.10.8 Let F C Ny be any compact fundamental domain for the lattice V C Ny. We can now 
write 



[U 


: ^/O] 




1 


[U 


: [/O] 




1 


[U 


: U^] 


1+ 


+ 1- 



/ \{fixw),(f){xw))\dx 

JU\N 

I \{f{yvw),(t){yvw))\dvdy 

Nv\N JF 

I \{f{evw),(l){Cvw))\dvd^a'^p'' da 

S{Nv\N) JF 

[ I ifiiCv-" Tw) , mv"" Tw)) \dvdia'P" da 

S(Nv\N) JF 

where I± are the integrals over A±, respectively. Inserting (^3) we obtain 



/ / \U{{iv^"Tw),mv''~'rw))\dvdi < Ci||/||_fc^,o||<A||o,oa'--^^' 

JS{Nv\N) JF 



and therefore 



/+<C2ll/||-fc,.o||<Al|o,o / a'--^P da. 

'A. 



The integral on the right-hand side converges since l^p — 2p^ < by assumption. Since /_ can 
clearly be estimated by CaH/H-fc o||0||o,O) we have shown the lemma. □ 



3.10.9 Using the inclusion (Lemma 3.62| ) 

we can consider the restriction of the scattering matrix 

If / G Bij{\\,ip)^ then the restriction of the distribution ext^ (f) to Jlp is smooth. Since Jx 
is pseudo-local it it follows that Jx o ext(f) is smooth on fip. Hence the restriction of the 
distribution S^{f) to the Schwartz space Su{lx,'f) is given by integration against a smooth 
section. The following lemma asserts that S^{f) = *5'^(/) G Bij{lx,(p) considered as an 
element of Dij{l_x,<p) via Lemma 3.62. 
3.10.10 

Lemma 3.63 Assume that U defines a cusp of smaller rank and that l^p < 1(P . Then we have 
an equality of meromorphic families 
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Proof. By meromorphic continuation it suffices to show the equahty ( |35D for non-integral A in the 
open subset {|Re(A)| < — lip/2} C such that —A is admissible in the sense of 1^9^. Then 
the push-down converges at ±A. Let / G B^i^{l\^(p). We consider an element (j) G Si^i^{l\,ip). 
We view o 7r^(/) (see (^)) as an element of D(/(1_a, and compute 

= {tt^^ oJ^{f),ct>)dX 

= Y.'^fy-^'''{u)U4>))ax 

= (vrf(/),vrf oJ,(^)), 



)dX 

{Jxoext^ OTT^ if), ct>) ax 

{ext^ o res^ o o ext^ o 7r^(/), (P)qx 

)bu ■ 



{ext^ 7T^{f),J^{cP)), 



Since the 7r^(0), G S'{i}(1a,V') (resp. vrf (/) G Bu{lx,(p), f G 5{i}(1a, (^)), exhaust Su{lx,^p) 
(resp. i?(/(lA,'^)) we conclude that 

as smooth sections for all h G Bij{lx, <f) and hence 

t qU / qU\ 



by Lemma 3.61. □ 



3.10.11 Next we show that the scattering matrix is off-diagonally smoothing. Let XiX be 
smooth cut-off functions on Bu with compact support such that XX = X- 

Lemma 3.64 Assume that U defines a cusp of smaller rank and that l^p < 2p^ . Then we have 
a meromorphic family of continuous maps 

(1 - X) o 5f o X : Du{lx, ^ Bu{l-x, ■ 

Proof. We are going employ the fact that Jx is off-diagonally smoothing. Let S C°^{Qp) 
be a cut-off function such that Ylueu '^*^^ = ^^'^ such that the restriction of the projection 
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rip — >■ Bij to supp(x^) is proper. Then there exists a cut-off function x on dX such that 
XXX^ = and x(l — x) = ^ ~ X- Finally we choose a compactly supported cut-off function x 
on Bij such that x'^XX = and xx = X- 

Let i;A G 5c/(1a, (^) be any test function and / € Di/{lx, ip). We approximate x/ by a sequence 
of smooth functions fa with compact support. We can in addition assume that supp/a C {x = 1} 
for all a. Then we compute 

{{l-x)S'i{xf)A)Bu = Yinia{{l-x)S'(UA)Bu 

Lemma3.6S ,. i,^ ~\tnU r i\ 

\inia{fa,S'i{{l-x)4>))Bu 

= lima(/a, {res^} o J^o ext^ {{I - X)'P))bu 

= ^'^^a{x^fa,Jxoext^{{l-x)(p))dx 

= lima(x'^x/a,«^A oxext^((l -x)'A))ax 

= lima(7rf (xJA(x'^x/a)), (1 - x)4>)bu 

= (vrf (xJa(x^x/) - Xvrf (xJa(xX^/))) , ct>)Bu ■ 

In order to see the equality marked by (*) note that that X<^aXX^ is a continuous map from 
Du{lx,(p) to -B{i}(l_A, (since J\ is off-diagonal smoothing) and that lim.ax'^xfa = x'^xf- 
The assertion of the Lemma follows from the identity proved above: 

il-x)oS^o x(.) = {xJxixx"".) - XTr^ixUxx""-))) ■ 

□ 



4 The general case 

4.1 The space Br{ax,ip) 



4-1-1 Let r C G be a torsion- free geometrically finite discrete subgroup (see Definition 1.2 ) 
such that all its cusps are regular (Definition [1.31) . Furthermore let (93, V^) be an admissible 
twist (Definition p..5p . We are going to employ the notation introduced in Subsection |1.2| . 
4-1-2 On Y we choose a partition of unity {XplpePrUjo} such that Xp G C^{Y) and supp(xp) C 
Yp for all p. Restriction of these functions to Br gives a partition of unity {Xp}pe-p<u{o} -^r 
such that supp(xp) C Bp. Here we denote the restriction of Xp to the boundary by the same 
symbol Xp- In a similar manner for P EpeV^ we let ep : ^ Bup denote the map defined 
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as restriction of the map ep : Yp ^ Yup- Let xp ^ C°°{Yup) be the cut-off function which is 
supported on the range of ep and satisfies Xp = ^*pXP- 

4-1-3 Using cut-off with Xp Siud the map ep : Bp ^ Bjjp for P ^ p £ we define maps 

: C^{Bup,VBup{^x,^))^C^{Br,VBMx,ip)) - 
4-1-4 We define the Schwartz space for T as the space of smooth sections which belong to the 



Schwartz space 3.11 near all cusps. 

Definition 4.1 We define S'r.fel'^Ai V') to be the subspace of all f G C°°{Br,VBj,{crx, if)) such 
that Tp(f) G Sup^kio'x, for all P £ p £ "Pp . The inclusion 

SvA^x,^) C^{Br,VBA<yx,^)) 

and the maps 

Tp ■- Sr,k{(^x,(p) Sup,k{(^x,ip) 

induce on Sr,k{o'x,^p) the structure of a Frechet space- Furthermore we define the Frechet and 
Montel space 

5r(cTA,9?) := Q ST,k{<y\,(p) - 

4-1-5 

Lemma 4.2 The families {Sr,k{(^x,V')}\ea^ o,nd {SY[(Tx^'^)}x&a}. form locally trivial holomor- 
phic bundles- 



Proof- Let $p,Ao denote the trivialization constructed in Lemma 3.10 which is given by multi- 
plication by Sp° (here we add the index P to the notation for the section s constructed in 
Lemma |3.9| in order to indicate its dependence on the parabolic subgroup). Let Sp := T^{sp), 
where P € represents p- Let sq € C°°(-Br, ^Br(lp+a> V')) be any positive section (compare 
3.2.8). Then we form sr := X^pg-pp Sp + Xo^o- Multiplication by defines isomorphisms 

^r,Ao : Sr,k{crx,f) Sr,k{(^Xo,f) 

and 

^r,Ao : Sr{(Jx,(p) Sr{axo,ip) ■ 

We employ the maps ^'r,Ao order to obtain the required local trivializations and to implement 
the holomorphic structures. □ 
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4- 1-6 Similarly to the case of the Schwartz space we define the space By^ctx, 9?) as the space of 
smooth sections with the same asymptotic expansions near the cusps as the spaces as the space 



defined in 3.21. Recall the notation T?™-*^^ from 1.2.7 



Definition 4.3 We define 



where 



is the subspace of all f such that Tp{f) € Bup j.{ax-, '■p) for all P p £ ■ The map 



the maps 



Tp : -Br,fe(crA,9') ^ Bup^k{(yx,'p) , 



P G V"^ , and the natural projections 

ASp : Br,k{(^x,y^) Rup{(y\,v) , 

P € 'P"*"^, equip BY^kif^x-, with the structure of a Frechet space. We further define the Frechet 
and Montel space 

-Br(o-A,¥') := n Br^k{(^x,^) ■ 
fceNo 

4.1.7 We define 

-Rr,fe(o-A,¥') := RupM'^X,^) , Rricrx,(p) := Rupiax,(p) ■ 



We have asymptotic term maps 



ASp : Br,k{crx,(p) Rup,k{crx,<p) 



ASp := ^45 o Tp, where AS was defined in p.4.11 for pure cusps. The asymptotic term maps 
admit right-inverses 

Lp : Rup,k{crx,^) Br,k{crx,^) 
given by the natural inclusion for P G -pmax^ ^^^^ ^y. ._ rpP o L if P G V^, where L was 



defined in 3.4.10 for pure cusps. 
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Let 

AS : Br,kicr\,(p) Rr,kicrx,^) 
be induced by the maps ASp and 

be given by the sum of the maps Lp for the various P £ V. 
4.1.8 

Lemma 4.4 The family {-Br,A;(o'A) ¥')}AgaJ. forms a trivial holomorphic bundle of Frechet spaces. 
We have a split (by L ) exact sequence 

Sr,k{(^x, (p) Sr,fc(o-A, ^) ^ -Rr,fc(o-A, (f) ^ ■ (36) 

Furthermore, the spaces {BY'{a\,ip)}x^a^ form a limit of locally trivial holomorpic bundles in 
the sense of Subsection [1^71 and fit into the exact sequence (which does not admit any continuous 
split) 

5r(crA, v?) Br{ax, 9?) Rr{crx, 99) ^ . 

Proof. The assertions follow from Lemma |4.2| and the fact that the spaces Rr^kio'x,^) form 
locally trivial holomorphic vector bundles. □ 



4.1.9 We now show that the spaces -Br(o'A)'/') compatible with twisting. Let {TTa,fj,,Vna 
be a finite-dimensional representation of G as in p. 3. 3 . 



Lemma 4.5 1. We have holomorphic families of continuous maps (see 2. 3. (\ for notation) 

€,tM ■ Br{crx, (f) 5r(lA+M' ^<^,t^ ® "P) 

and 

^ip) ^ Br{crx,(p) . 

2. Br{lx+fi,'^cT,fM <X) V') is a Z{Q)-module. 

3. If X ^ la, then i^ ^ maps By{(Tx,'p) isomorphically onto 

kerr(Z(A)) := ker{Z(A) : BY{lx+^l,^^a,^l ® 'P') ^ Sr(lA+M, vr^,^ ® 'f)} 
(see 2. 3. (\ for notation), and the restriction of p^ ^ to 

ker{Z(A) : Br{lx-f„ ® ^) ^ By{Ix-ij., tt^./^ ® P^)} 
is an isomorphism onto B]p{ax,^) (here Z{X) is the adjoint of ir^-^+f^^'^'^''^'^'^'^ {Il{X)) ) . 
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4. The composition 

£,ti- B^i'i^x+^l,'n■a,^l'»>f) kerr(Z(A)) "'^ By{ox,lp) 

which is initially defined for X ^ la extends to a meromorphic family of continuous maps. 
Similarly, the composition 

Ql,ti '■ BricTx, (f) "-^ kerr(Z(A)) Br{lx-f„ tt^^^, ® ip) 
extends to a tame meromorphic family of continuous maps. 



Proof. 

4.1.10 In order to see 1. we employ Lemma |3.22 2., and the identities 



i",^^ oTp=Tpo i'^^^ , oTp = Tpo p'^^^ . 



4.1.11 In order to see 2. we use Lemma |3^ , 3., and the fact that [7r^^+''®'''^''"^'^^(A), Xp] is a 



differential operator with compactly supported coefficients on Br for any A E 2{q). 
4.1.12 We show the first assertion of 3. and leave the second to the reader, since the argument 
is similar. Since i^^^ is 2^(0)-equivariant it maps to kerr(^(A)) by construction of Z{\). Let 
now / G kerr(Z(A)). We claim that for any h G C°°{By) we have Z{\){hf) = 0. Let k be the 
order of the differential operator Z{\) which is a projection. Then we have 

Z{\){hf) = Z{\f+\hf) 

= z{\f[z{\)Mf 

= Z{X)''-'[Z{\),[Z{X),h]]f 
= [Z{X),...,[Z{X),h]...]f 

^ V ' 

k+1 

= . 

This shows that claim. 



We conclude that Tp{f) G keTu{Z{X)) for all P G P. By Lemma 3.22 we find gp G Bu{a\, (f), 
P eP, such that Tp{f) = i^^^{gp). Let 

fo:= f -Y._€,f.oT''igp) eC^iBr,VBA'^x+f.,^a,^.^V^)) • 

As in the proof of Lemma 3.14 ,4. we can find go G C^{By, Vpj^icrx, v)) such that /o = i^^^{go)- 
Thus / = il^^ (Epgpu{0} 9p] 
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4- 1-13 We show the first assertion of 4. and leave the second to the reader. As in the proof of 
Lemma [3.14 , 5. we construct a holomorphic family 

as the composition J := j o (1 — Z{X)), where 

comes from a bundle homomorphism. Then we define 

~£,, ■■= Jxoil - Z{\)) +Y. fPo o Tp o (1 - Z(A)) . 

Per 

Here is defined as but using a cut-off function Xp ^ C°°{Br), P ^ p, satisfying 
supp(xp) e Bp and XpXp = Xp if If G then we set := . One checks 

that j^^^ o i^^^ = id. Since j^^^ vanishes on ker(l — .^(A)) we conclude that it coincides with j^^^ 
for A /(J. We thus have shown that extends to a meromorphic family of continuous maps. □ 



4.2 Push-down 

4-2.1 For the first part of the present subsection we choose an Iwasawa decomposition G = 
KAN and a parabolic subgroup P = MAN, M C K. Then we write X = G/K and dX = 
G/P = K/M. 

4-2.2 For / G C°°(5X, V{a\, ip)) we consider the push-down 
It is given by the sum 

in the first component. Its second component 

will be constructed below. The goal of the present section is to show that the push-down 
converges for Re (A) < —6r — S^p and defines a holomorphic family of maps 

ttI ■- G^idX,Viax,^)) ^ Briax,^) - 
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4-2.3 In the following lemma we consider points of dX as subsets of K using the identification 
dX ^ K/M. 

Lemma 4.6 IfWcflr is compact, then F n WMA^K is finite. 

Proof. The set WMA+K is a precompact subset of X U Or- Since T acts properly discontinu- 
ously on X U Op the intersection of the orbit TK with WMA^K is finite. □ 



4.2.4 

Lemma 4.7 For Re(A) < —6r — the sum 

converges in C°°(r2r, ^(^A) V')) one? defines a holomorphic family of continuous maps 



Proof. Using Lemma 4.6 we employ the same argument as in the proof of [BOOO], Lemma 4.2. □ 



4.2.5 Next we study the behaviour of the sum Ylger '^'^^''^i9)f\^r ^^^^ cusps. Let P 
We choose a system of representatives of Up\T by taking in each class [g] € Up\r an element 
h € [g] which minimizes distx(C', hO). 

Lemma 4.8 There is a neighbourhood W C dX of 00 p such that WMA^K n is finite. 

Proof Let D{0, Up) := {x € X[distx(x, O) < distx{gx, O) \/g € Up} be the Dirichlet domain 
of Up. U h e T^, then hO £ D{0,Up). Let vr : D{0,Up) Yup denote the projection and 
consider E := TT^^{ep{Yp)). Since ep : Yp ^ Yjjp is an isometry we have ]^{E n T^O) < 1. 
Now the closure in X of D{0,Up) \ E does not contain oop and is therefore disjoint from a 
neighbourhood W C dX of cap. Since WMA^Kn {D{0, Up) \E) has a compact closure inside 
X we conclude that WMA+K n {D{0, Up) \ E)K n is finite. Since L^ C L>(C', C/p)i^ we 
have shown the lemma. □ 
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4-2.6 Let P G V and Wp be a neighbourhood of oop as constructed in Lemma LS. Using 
Lemma 4.5 and the arguments of the proof of [BO00| ], Lemma 4.2, we show 

Lemma 4.9 For Re(A) < -6r - and f € C°^{dX, V{ax, (f)) the sum 

converges in C°°{Wp U Jlr, ^(o'A, '/'))■ -Po?" varying A i/ie maps 7f;f /orm a holomorphic family of 
continuous maps. 

□ 



4.2.7 We choose a cut-off function Kp G C^{Wp) such that Kp is equal to one near oop. Then 
i^P^^if)) £ C'°°(c^-^; ^(cA) V'))) and we can write 



(vrf (/))i = I (vrf-(^P<(/)))i + E - ^pXif) 

u&Up 



Here 

if the cusp associated to Up C P has smaller rank. The second sum is locally finite and defines 
a smooth section on ilp • Moreover we have (vf f was defined in Lemma |4.9| ) 

XP E vr'^^''^(«)(l-'^p)vff(/)|np Ga-(i?l/p,^B,,(cTA,V')) . 

M6C/p 

4.2.8 We define 

K^(/))2:= [7rf-]oAS(^pvff(/)) . 
This definition is independent of the choice of up. Finally we define vr^(/) to be the sum 

4.2.9 

Lemma 4.10 For Re(A) < —5y — S,p the push-down vr^ induces a holomorphic family of con- 
tinuous maps 

ttI : C'^{dX,V{ax,^)) ^ Br{ax,v) • 
Proof. This follows from Lemmas [4.7| , |4.9| , the observation that 

Tp{7rlif))i G xpvrf^l'^pvff (/)) + C^{Bu^,Vb^^ {ax, ^)) C Bu^^^x, ^) (37) 
for P eV<, and the definition of (vrJ^(/))2- □ 
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4-2.10 Let x'" £ C°°(r2r) be a smooth cut-off function sucli that X^ggrfi'*^'" = ^- choose 
such that it coincides with 'x^^ in a neighbourhood of cx)p, and such that the restriction of 
the projection Or By to supp(x'") is proper. Then multiphcation by x'" defines a holomorphic 
family of right-inverses of the push-down (see Lemma 3.25| ) 



{Q}:ST{cJx,^)^C^{dX,V{ax,^)) 

such that vr^ o {Q} = id. 

4-2.11 Occasionally we will need the partial push-down 

which is defined as the average over T/Up if the cusp associated to Up C P has smaller rank. 
If the cusp associated to Up C P has full rank, then we define 

vr*^/^"(/ © v) ■■= TrliiQKf - (vr,^- o L o [Q]iv))^) + L o [Q]{v)) , 

where 

If P G V^, then we have 

7rf/^^(/) := TrliiQKf - vrf^ o L o [Q] o ASif)) + L o [Q] o AS{f)) . 

This formula together with (|37|) can be used to verify that t:^^^^ has the required mapping 
properties. In particular we conclude that if P € , then the partial push-down converges for 
Re(A) < —5r — S^p and depends holomorphically on A. If P G jymax ^ then the partial push-down 
is defined as a meromorphic family of continuous maps for Re(A) < — (5r — ^tp- 
4-2.12 We collect the following useful identities 

r/C/p Up V ^/Up rp T/Up rpP (nQ\ 

TT* OK =T^*^ T^* °Tp = Xp, TT*' '^XP = T , (38) 

where P E for the last two equations and multiplication by Xp implicitly involves a projection 
onto the first component. If P € -pmax ^ then we have 

^l'^'' o ASp = ASp . (39) 



4-2.13 We define q^,^ := qj^^j^ as in Lemma 15, 4. (applied to the trivial group). 



Lemma 4.11 We have the following commutative diagrams of meromorphic families of maps: 



4 THE GENERAL CASE 



89 



C°°{dX,V{ax,ip)) 
Br{crx,ip) 



z(\) 



C^idX,Via^x,^)) 



C7-(aX,y(l„A-^,7r^,^®(^)) 



Proof. The push-down is 2^(g)-equivariant. This imphes commutativity of the right square of 
the diagram 1. The commutativity of the left square is obvious for the part involving (vr^)i, and 
for {iT^)2 we invoke Definition 3.34. 

For the second diagram consider the enlarged diagram 



C^idX, Vil^x+^.',^ray ® ^)) ^— C~(ax, V{a_x, ^)) C^{dX, V{l^x-^.. ® ^)) 



Br{a_x,'p) 



The left square commutes by the Definition 3.34 of the push-down in the middle. The outer 
rectangle commutes by the naturality of the definition of the push-down. □ 



4-2.14 Let G" be one of {Spin{l,n), SO{l,n)o, SU{l,n), Sp{l,n)}. Recall the definition of 



given in Subsection 2.2. 



Lemma 4.12 We have the following commutative diagram: 



Brill^^,^) 



Proof. We use Proposition 3.38 



□ 
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4.3 Extension, restriction, and the scattering matrix 

4-3.1 We now define the distribution spaces Dr{ax,(p) associated to F. These spaces are the 
domain of the extension ext^ and the Eisenstein series (see Definition |1.15| ) . 

Definition 4.13 We define Dr^ki^x, f) to be the dual space to Br^ki^-\,'f)- Furthermore let 
Dr{(Tx, ip) := UfcGNo ^r,fe(t^A, v)- 

Lemma has the following consequence: 

Corollary 4.14 The spaces {-Dr,A;(o'Aj ^)}\&a},j form a trivial holomorphic bundle of dual Frechet 
spaces and fit into the split exact sequence 

Rr,k{^-x,'pT F)r^k{(^x,y^) Sr,k{^-x,'fT . 

The spaces {Z)r(o'A) ¥')}AgaJ; '^'^e dual Frechet and Montel spaces, and they form a direct limit 
of trivial bundles. Furthermore we have the exact sequence 

Let (tTct,^, ^) be a finite-dimensional representation of G as in Subsection |2.3[ 

4.3.2 The following Lemma states that the distribution spaces are compatible with twisting. 

Lemma 4.15 1. -Dr(lA+/x) tTo-,^ ® is a Z{Q)-module. 

2. There is a natural inclusion i^^^ : Dr{crx,^) Dr{lx+ii,'^a,tM ^ ^) which identifies 
Dy {(Jx , (p) with 

kerr(Z(A)) := ker(Z(A) : Dr{lx+f_L,TTa,fi ® (f) ^ Dr{lx+tJ.,T^a,fi ® ^)) 

for A la. 

3. Moreover, the map 

: Dr{lx+f,, T^a,/! ® V?) ^ kerr(Z(A)) ^ ^ Dr{lx+,i, vr^,^ ® ^) 
extends to a tame meromorphic family of continuous maps. 
Proof. We employ Lemma |4.5| . The map i^ ^ is defined as the adjoint of 

Pa,f, '■ ^r(l-A-M' ^-^.A* f^'f) ^ Br{a^x, 'f) ■ 

j^^^ is just the adjoint of 

□ 
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4.3.3 

Definition 4.16 For Re(A) > + 6ip we define the extension map 

ext^ : Driax,^) ^ C-°°{dX,V{ax,v)) 
to be the adjoint of the push- down 

ttI : C^{dX,V{a.x,^)) ^ Br{a^x,^) ■ 

The extension ext^ is a iiolomorpliic family of continuous maps and has values in T-invariant 
distributions. We will also need the partial extensions ext^/^^ : Z)r,fc(o"A) V') Dijp^k{ax,(f), 
which are defined as the adjoints of tt*'''^^. Taking the adjoint of the relations (|38|) and (|39|) we 
obtain 

ext''^oext^/''^=ext^, T*p o ext^""^ = Xp, Xpext^""^ = {T^y 

(where P € for the last two, and multiplication by Xp implicitly involves projection onto the 
first component), and 

AS*p o ext^l^P = AS*p , 

if P g ■pmax^ 

4.3.4 The space -C'{i},fc(o"A, 97) defined in Def. |3.41| depends on the choice of a parabolic subgroup 
P. In the present subsection we write Dp f^^ax, '■p) for that space and let 

^{i},fc(o"A,</') := n Dp^k{<yx,v) ■ 

Using the relation ext^^ o ext^/^^ = ext^ we see that 

ext^ : Dr,k{crx,v) ^ ^(crA, 9?) , 

and that it is holomorphic as a map ext^ : -Dr,fc(o'A) ~^ (o'A) ^) for any ki > k (and, of 

course, for Re(A) > + ^ip)- 

4.3.5 From now on we consider the spherical case a = 1. We introduce the restriction maps 

re/ : D^iy^^i'^x,^) ^ Dr.fci (1a, V?) 

defined for all k and suitable ki > k depending on k. The map res^ is a refinement of the naive 
restriction 

{re/} : C'^idX, V{lx, ^)) ^ 5r(l-A, 

which is given as the adjoint of {Q} (see [4.2.10| ). We define the meromorphic family of maps 
res^ by 

re/(/) -Trlix^ xof)+Y._T*P°res''nf) , (40) 

Per 
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where we interprete Tp as ASp, if P € "P™"^. Here vr^ simply stands for the average over F. 
It is weh-defined and hofomorphic for ah A G since x^Xof ^ C~°°{Qr,y{^x,^)) and thus 
T^lix^Xof) e C^°°{Br,VBj,{l\,(p)). Alternatively, one could write Xo{res^}{f) for irlix^Xof)- 



Like the maps res^^ (see Definition 3 .461 ) the restriction map res^ depends on choices. 



^.3.6 A priori the composition res^ o ext^ is meromorphic and depends on many choices. The 



following lemma shows that the situation is much better. It generalizes 3.9.20. 

Lemma 4.17 The composition res^ o ext^ is regular and coincides with the inclusion of 

Proof. Assume that A G is such that res^ is regular. Note that we still assume Re(A) > 
+ ^ip in order ensure convergence of ext^ . Let / G Dr^ki^x,^)- It is easy to see that 
T^*{x^XoGxt^{f)) = Xof- Furthermore, if P G "P"^, then 

Tp o res^P o ext^ (/) = T*p o res^^ o ext^^ o ext^/^^ (/) 

= T*poext^/^P{f) 

= Xpf • 

If P G P'"''^', then we have 

AS*p o res^P o ext^ (/) = AS*p o res^^ o ext^^ o ext^^^^ (/) 

= ASI^oext^/^'-if) 
= ASpif). 

Summing these equations over V U {0}, then we obtain the desired identity 

res^ o ext^{f) = f . 

Since this equation holds true for generic A, the assertion of the lemma follows. □ 



4-3.7 We also have the following useful identity 

Tp o res^^ = Xpf^s^ 



for all P Gp G . 
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4-3.8 Consider P € and recall the Definition 3.43 of Extup{lx,ip). If A is admissible (for 
P) in the sense of |3.9.21 , then on this space the restriction res^^ is well-defined independent of 
choices. 

We now say that A € is admissible, if it is admissible for all P ^ V. Furthermore we 
define 

rC-°°(9X,y(lA,^))° :=rC-~(5X,y(lA,(^))n fl ExtuA'^x,^) . 

It immediately follows from (|4^) that res^ is well-defined on this space independent of choices. 
4-3.9 If we assume that A ^ /a or A > — then 

by Prop. 3.5^ , 2. Thus res^ is pointwise well-defined at admissible A satisfying these additional 

conditions. 

4.3.10 

Definition 4.18 For Re(A) > dx^ + 5^ we define the scattering matrix 

as a meromorphic family of operators, which is given by 

S\ := res^ o Jx o ext^ 



provided —X is non-integral and admissible in the sense of 4-3- S- 

Using the scattering matrices for the cusps (Definition we can rewrite the formula for 
as follows: 

Si = Trio x^XoJx o ext^ + Y._T*P° S^^^ o ext^/^^ . (41) 

Pev 



Using this formula and the results of 3.10.2 we see that Si is a well-defined meromorphic family 
of continuous maps. 

4-3.11 As in the case of pure cusps (Lemma 3.62| ) we obtain a natural inclusion 
provided that 2p^P > l^^^^ for ah P £p<. Note that l^^^^ = 26^^^^. 

Lemma 4.19 We assume that all cusps ofT have smaller rank- Assume that Sip^^^ < p^^ for 
all P £ V- Then the restriction of the scattering matrix to B^^lxj^p) induces a meromorphic 
family of continuous maps 
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Proof. First note that if / € Br{lxT(p) (considered as distribution), then ext^{f) is smooth 
on Qr- It follows that Jx o ext^{f) is smooth on Or, and hence S^{f) = res^ o Jx o ext^{f) is 
represented by a smooth function. We choose a cut-off function xp on which is supported 
in ep{Bp) such that xpXp = Xp- order to see that Sj^{f) € Br{l-x,^) we employ Equation 
@. Let P G P. Then we have 



+Tp oT*po o exf/^^if) 
= Tp{x^xoJxoexf{f)) 
+xls'i^oxpexf"'^{f) 
+xlsl^o{l-xp)exf/''''{f) 



The term 



(42) 

(43) 
(44) 
(45) 



belongs to C^iBr^Vp^ilx^v))- We have 

Xpexfl^nf) = iryU) = fp{f) G Bu,{l-x.^) , 
where Tp,T^ are defined as Tp,T^, but using xp instead of xp- We can now apply Lemma 



3.63 to (44) and Lemma 3.64 to ([45|) in order to see that these terms belong to i?r(l-A) ^ 



4.4 Vanishing results 

4-4- 1 If A G 0^ is admissible in the sense of 4.3.£ and Re(A) > — p, then res^ is well-defined on 
(9X,y(lA,v^)) (seegg. 



4.4.2 Let / G ^C-'^{dX,V{lx,(p)). The condition {res^}{f) = (see liXsp is equivalent to 
the condition that the support of / as a distribution is contained in the limit set Ap. 

In the case that T is convex cocompact we know from [ pO00 |, Thm. 4.7 that the space 



{/ G ^C-^{dX,V{lx,^))\{res^}if) = 0} 

is trivial if Re(A) > 5r + ^ip- Already the example of pure cusps shows that this is not true in 
the presence of cusps. 

Note that in the convex-cocompact case {res^} = res^ . It is at the heart of the matter that 
for geometrically finite groups T and Re(A) large the stronger condition res^{f) = implies 



/ = 0. In [|BO02| we introduced a related condition "/ is strongly supported on the limit set" 
in order to show such vanishing results. 
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44-3 



Proposition 4.20 We assume that X is admissible in the sense of 4-3.8 and satisfies 

Re(A) > max ({,5r} U {pup \P (^V})+5^ . (46) 

Let f G ^C-^idX,V{lx,^)). Ifres^if) = 0, then / = 0. 
Proof. 

4.4-4 Let A be admissible and / € ^C^°°{dX,V{lx, (p)). From tiie defining formula (^0|) 
for res^ we conclude that res^{f) = if and only if / is supported on Ar and res^^^f) E 
C~°°{Bi/p, (Ia, f)) C Di/p{lx, if) for all P G V. The latter condition implies that 



res^p(/) = {res^p}(/) 



(47) 



for ah PeV. 

4.4.5 If Re(A) > -p^P and h £ C°°(aX, y(l_A, '^)), then Proposition |]5|, 2, Lemma 
and Equation (|47|) imply 



= {ext^Pores^^f),h) = ({res}^^(/), 7r,^^(/i)) 

and therefore 

(/»= j;(x^"/,'^(u)M^''-))- 

Thus, if res^{f) = 0, then / is supported on the limit set and satisfies (48) for all P G "P 
h G C°^{dX,V{l^x,if)). These are precisely the defining conditions for being "strongly sup- 



(48) 



ported on the limit set" in the sense of jBOO^ . The main result of [ [BO02[ now states that an 
element / G ^C~°°{dX, ^(Ia, ^)) that is "strongly supported on the limit set" vanishes provided 
that (|4^) holds. The proposition follows. □ 



4.4-6 

Corollary 4.21 Assume A G 0^ satisfies ^). If f^ G ^C~°°{dX,V{lf^,(p)) is a germ of a 
meromorphic family at A, then ext^ o res^{fn) = /»■ 



Proof. We apply res^ , and we use res^ o ext^ = id and the injectivity of res^ for generic p, near 



A proved in Proposition 4.20 



□ 
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4.5 Meromorphic continuations and general a 

4.5.1 Recall that we have defined ext^ for Re(A) > 5r + S^p. The scattering matrix Sj^ was 
defined on the same range of A for the trivial M-type 1. 

In the present subsection we extend the definition of the scattering matrix to general M- 
types. Further we show that the extension and the scattering matrix have meromorphic contin- 



uations to all of a^. This finishes the proof of theorems 1.9, 1.11, and 1.14. 



4.5.2 We start with the meromorphic continuation of to a certain half-plane C in the 
spherical case. Under these conditions we can construct a meromorphic family of parametrices 
for 5^ with finite-dimensional singularities. In a second step we employ twisting in order to 
show meromorphy of the extension and the scattering matrix on all of 0^ and for general a. 
4.5.3 

Proposition 4.22 The extension 

exf : Drilx,^) ^ C-°^{dX,V{lx,ip)) 

and the scattering matrix 

have meromorphic continuations to 

W :={X£al\ Re(A) > -p + /3} , 

where p = for X = HW,HC"-, and 13 = 2a for X = HW . The family ext^ has finite- 
dimensional singularities. 

Proof. 

4.5.4 We first show the proposition under an additional assumption on T and ip. 

Lemma 4.23 We assume that 

Sr + Sp<- max ({0} U {pup + 5^ | P G P}) . (49) 

Then the extension ext^ and the scattering matrix have a meromorphic continuation to the 
half-plane W. The family ext^ has finite- dimensional singularities. 



Proof. 
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4-5.5 The additional assumption in particular implies that > 6^ > for all P € V. 
Therefore all cusps of T have smaller rank, and there is an embedding 



(see 4.3.11). We consider the non-empty open subset 

?7 := {A G Oc I max{5r + ^^p, -p + (5} < Re(A) < p - /?} C . 



Based on Lemma 4.1£ we first consider the restriction of the scattering matrix to Br{l\, <f). For 



A € [/ we construct a parametrix (see 4.1.3 for Tp and 4.1.13| for T^) 



of Si by 

Q.xif) :=vrr(x^XoJ-A(x^Xo/))+ ^_r^o5^^o(r^)*(/) . 

Here xo is some cut-off function on By of compact support such that XoXo = XO) and is 
defined in the same way as but using a cut-off function Xp with support on Bp such that 
XpXp = Xp- 

Note that Q-a has a continuous extension to a map 

Q^x:Dr{l-x,V^)^Drilx,V^) ■ 

This is clear for the second term Epe^ T* oS*^^ o(r^)* since the scattering matrices S^^ extend 
to distributions. The map / i— > X^Xo<^-a(x'"xo/) extends to a continuous map from Dy{1-x, f) 
to C~°°(J7r7 ^(1ai v))- The push-down extends to a continuous map from C~°°(i7ri ^(1ai V')) 
to C~°°{Br,VBj.{lxT^))- This implies that the first term vr^(x'"xo<^-A(x^Xo/)) extends to dis- 
tributions, too. 

4-5.6 We claim that for |Re(A)| < p— /3 the scattering matrix S^^ has at most finite-dimensional 
singularities. To see the claim WG write — Tcs^^ Since Jx is regular and bijective 

for these A, and ext^^ has finite-dimensional singularities, the only term which may contribute 
infinite-dimensional singularities is res^^ - 

Since {res^^} is always regular the singular part of res^^ has values in the space Rup{\x^ ^)* ■ 
Now S^^ is the continuous extension of its restriction to the dense subspace Bup{\x-,'^)- Since 
S^^ maps Bup{lx-,'^) to Bijp{l^x-,'f) the range of the singular part of S^^ does not contain 
non-trivial elements of Rup{Xx-,'f>)* - 

Let Dup{lx-,'-p)^ C Dup{\x-,'-p) be a closed subspace of finite codimension on which ext^^ 
is regular and put Bup{lx,<-p)^ ■= Dijp{lx,ip)^ Pi Bup{lx,(p)- Then Bijp{lx,(p)^ has finite codi- 
mension in Bi/p{lx,ip), and the closure of Bijp{lx,^)^ in Dup{lx, ^p) is Dijp{lx,^)^ ■ Looking 
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at Laurent expansions we conclude that the restriction of to Bup{lx,ip)^ and hence to 
Dup{lx,ip)^ is regular. This proves the claim. 

We conclude that for zizX £ U the family Qx has at most finite-dimensional singularities. 
4-5.7 We define the remainder 

Rx := Q-x oSl-id. 

We are going to show that Rx is a meromorphic family of smoothing operators with finite- 
dimensional singularities. We start with 

Rxif) = Q-xoSlif)-f 

= Trlix^xoJ-xix^XoSHm 
+ Y.T*pS'^Ufysl{f)-f 

Next we insert the definition = res^ ° Jx ° ext'" and the definition of res^ (^) . We obtain 

^a(/) = ^lix^XoJ-xix^Xo^lix^XoJxoexfif)))) 

+ E ^* (/xo J-A(x^XoT^res^^ o Jx o exf{f))) 
Per 

+ E TpS'^xiT'^r^lix'^XoJx o exfif)) 
Pef 

+ T*pS'^i{fyT^ires^'^ o Jxoexfif)) - f . 
P,QeP 

Now we employ 



r 



in order to obtain 



X^Xo-^lx^Xo = X^Xo 
X^Xo "^Tpo res^P = xo(l - Xo)x 

res^P o Jxoexi^ = S^^'oexf/^^ 



Rxif) = T^lix^XoJ-xix^XoJxo exfif))) 

+ ns'ilixpSi'' o exfl'^nf)) - f . 
Pef 
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Using the functional equations of the intertwining operators and scattering matrices we can 
further write 



^a(/) 



+ Y^T*pexf/^^f) 



= -vr,^(/xo J-a((1 - X^Xo)^A o exfim 

- E - XP)5,^^ o exf/^nf)) ■ 

PeV 

Note that x^Xoi^ ~ X^Xo) = 0; and that J^x is off-diagonal smoothing. Furthermore note that 
Xp(1 — Xp) = 0) a-iid that is off-diagonal smoothing by Lemma 3.64, We conclude that Rx 
extends to a meromorphic family of continuous maps 

Rx: Dr{lx,ip) ^ Br{lx,V^) 

with finite-dimensional singularities. Since Jq = id and Sq^ = id we have Rq = 0. 

4-5.8 We define the Banach space 5'r,o,o(lA, to be the subspace of all / G C{By, Vbp(1a, f )) 

such that Tp{f) G Sup,o,o{^x, ^) for all P G (see 3.2.51 ). Then we have compact inclusions 



(in order to see the second inclusion use Lemma 3.62). The family of Banach spaces {5'r,o,o(lA) '■P)}\&a^ 
forms a trivial holomorphic bundle. 

4-5.9 We now apply meromorphic Predholm theory [RS78|, Thm. VL13, (or better its version 
for families of operators on Banach spaces) to the family 

l + Rx-- 5'r,o,o(lA, ^) 5'r,o,o(lA, ^) ■ 



As in | BO00(| , Lemma 3.6, we conclude that (1 + Rx)^^ exists as a meromorphic family of maps 
on S'r,o,o(lA) v) of the form (1 + Tx)^ where Tx is a meromorphic family of continuous operators 
from L>r(lA5'/5) to B^iXx-:^) with finite-dimensional singularities. 
4-5.10 We see that the inverse of the scattering matrix is given on U by 

{Slr^ ■-= {l + Rx)-'Q-x. 



as a meromorphic family and with finite-dimensional singularities. 
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4-5.11 We have -U U {A € | Re(A) > (5r + S^p} = W . By our assumption the set 



W< 



b = |a € ttc I (5r + (5,^ < Re(A) < -5^ - max 



is non-empty. By Corollary [4.2l| we find for A G Wq the meromorphic identity 



5'_;^ o S*;^ = res o o ext o res o J^o ext 

= res^ o o J)^o ext^ 

r r 

= res o ext 

= id . 

Thus defining := (S^^)^^ for —A G f/ we obtain the continuation of to PV^. 
4-5.12 We obtain the meromorphic continuation of ext^ to with finite-dimensional singu- 
larities using the identity 

ext^ = J_A ° ext^ o Sx ■ 



See the proof of [BO00|, Lemma 5.11, for the corresponding argument. 



□ 



4-5.13 The following lemma finishes the proof of Proposition 4.22. 



Lemma 4.24 Lemma i.23{ holds true without the assumption ^4^- 



Proof. We are going to employ the embedding trick. First we assume that belongs to the 
list {Spin{l,n), SO{l,n)Q, SU{l,n), Sp{l,n)}. If we consider F C G" as a subgroup of G'^^"^, 
then for sufficiently large m the inequality ( |49| ) is satisfied. Indeed, all ingredients of (^) but 
are independent of m, while Jp"*"™" = — mC,, C = p"^^ — /o"- 

It thus suffices to show that a meromorphic continuation of ext'"'""'""* implies a meromor- 
phic continuation of ext^'". Assume that we have a meromorphic continuation of ext'"'""'"'" to 
^n+m ._ 1^ g (J* I Ke(A) > — p""'""* -|- /3} with finite-dimensional singularities. Then we employ 
the diagram 

c-^idx,v{ii,ip)) C c-(9X"+™,y(i^+-^,^)) 

^ .r,n ^ ,r,n+'m 

I CX6^ I c-XC^ 

^r(i^,v^) ^ ^r(ir:::c'^) 

which apriori holds in the domain of convergence Re (A) > 5p + by Lemma Note 



that the left-inverse j* of i* was constructed in Lemma |2.5| (or better its iterate for the m-fold 
embedding). We can define the meromorphic continuation to = W"'~^"^ + m(^ of ext'"'" using 
the identity ext'"'" = j* o ext'"'""'"™ o il. 
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Let now G be general. Then we can find a subgroup T*^ C F of finite index to which we can 
apply the concept of embedding (see |2.2.10| ) . In particular we obtain a meromorphic continuation 
of exf to W. If we identify Dr{lx,(p) with the subspace '"/^°-Dpo(lA, 9?), then we obtain the 
meromorphic continuation of ext^ using the identity ext^ = ext^^^^^^^ 

Using the meromorphic continuation of ext^'^ we then obtain the meromorphic continuation 
of the scattering matrix S\ by S\ = res^ o </a ° ext^ . □ 



4.5.14 In Proposition 4.22 we have obtained (in the spherical case) a meromorphic extension 



of ext^ and the scattering matrix 5j to a half space W C a^. In the following argument, using 
twisting, we find the meromorphic continuation of these objects to all of a^. 
4.5.15 Let cr be a Weyl invariant representation of M, and (vTo-,^, ,J be a finite-dimensional 
representation of G as in 2.3.3 . The adjoint of the diagram 2. of Lemma |4.11 gives the following 
commutative diagram of meromorphic families of maps 



c- 



i ext^ 



i ext^ 



(50) 



for Re(A) > (5r + <5(^- Using Proposition 4.22 we conclude that 



exf : Driax, ^) ^ C'~(5X, V{ax, v)) 

is meromorphic on the set W — fj,. Since we can choose n arbitrary large we obtain the mero- 
morphic continutaion of ext^ to all of 0^. 

Prom (|50|), injectivity of ia-,^, and Proposition 4.22| we conclude that ext^ has finite-dimensional 



singularities. This finishes the proof of Theorem |l.ll| . The adjoint of the extension is the push- 



down. Therefore Theorem |1.9| follows from 1.11 
4. 5. 16 Let for a moment be cr = 1. Using the meromorphic continuation of the extension 
we obtain the meromorphic continuation of the scattering matrix to all of by the formula 

= res^ ° Jx ° ext^. In order to proceed similarly for general a we first have to define the 
restriction map in this situation. 

Let now cr be a Weyl- invariant representation of M and (vTo-.^, V-k^ be a finite-dimensional 



representation of G as in 2.3.3. For A; G N we define restriction maps 



res 



■.^G-\dX,V{ax,^)) ^ Dr{ax,v) 
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using the diagrams 



I res^ [ res^ 



The right column depends on choices (including /i), and so does the left column. But it is easy 
to check that 

res^ o exiF = id (51) 



4-5.17 Note that (|50D implies the meromorphic identity ext o j^^^ = j^^^ o ext . Let f^, E 



'^{dX,V{a^,ip)) be a meromorphic family defined on all of a|^. We compute for v ^ 



using Corollary 4.21| and any set of choices for res^ 

exf o res^ifu) = exf o o res^ o i^^^ifu) 
= ja,fM ° exf o res^ o i^^^{f^) 

= fu- (52) 

Formula (|5l| ) implies that exf is injective on families. Thus we can conclude from ( ^2|) that 
res^ {fu) is independent of choices. 

4-5.18 Now we can define the scattering matrix for general a by the same formula as in the 
spherical case 



5*^ := res^ o Jx° exf . 



It is meromorphic on a%- 



In order to finish the proof of Theorem 1.14 it remains to show the functional equation. 
Using (^) we find 

S_x ° Sx = res o J_x ° ext o res o J^o ext 
= res o J_x o Jxo ext 
= res o ext 
= id . 
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